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Çà ïîñëåäíèå íåñêîëüêî ëåò ïîëó÷åíû íåêîòîðûå êëàññèôèêàöèîííûå
ðåçóëüòàòû äëÿ èíòåãðèðóåìûõ öåïî÷åê âòîðîãî ïîðÿäêà ïî ñäâèãàì

u̇n = f(un−2, un−1, un, un+1, un+2), n ∈ Z. (1)

Â äîêëàäå ïðåäñòàâëåíû ïðèìåðû òàêèõ öåïî÷åê èç

[1] ÂÀ. ÒÌÔ 195:1 (2018) 27�43.

Îíè ñâÿçàíû ñ äèñêðåòíûìè óðàâíåíèÿìè íà òðåóãîëüíîé ðåøåòêå.
Ïîêàçàíî, ÷òî îïðåäåëåííàÿ ëèíåéíàÿ êîìáèíàöèÿ íåïðåðûâíûõ
ñèììåòðèé òàêèõ óðàâíåíèé, îãðàíè÷åííàÿ íà îäíó èç îñåé ðåø¼òêè,
ìîæåò áûòü çàïèñàíà â âèäå (1). Õîòÿ ýòî äîâîëüíî ñïåöèàëüíàÿ
êîíñòðóêöèÿ, îíà ïîçâîëèëà ñóùåñòâåííî ðàñøèðèòü ñïèñîê èçâåñòíûõ
ïðèìåðîâ.

Îáùåå îïèñàíèå öåïî÷åê (1) îñòà¼òñÿ î÷åíü ñëîæíîé îòêðûòîé çàäà÷åé.
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u̇n = f(un−1, un, un+1)

Òåîðåìà. (ßìèëîâ, 1983) Óðàâíåíèå u̇n = f(un−1, un, un+1), îáëàäàþùåå
âûñøèìè ñèììåòðèÿìè è çàêîíàìè ñîõðàíåíèÿ, ïðèâîäèòñÿ òî÷å÷íîé
çàìåíîé ê îäíîìó èç ñëåäóþùåãî ñïèñêà:

u̇ = P (u)(u1 − u−1), (V1)

u̇ = P (u2)
( 1

u1 + u
− 1

u+ u−1

)
, (V2)

u̇ = Q(u)
( 1

u1 − u
+

1

u− u−1

)
, (V3)

u̇ =
R(u1, u, u−1) + ν(R(u1, u, u1)R(u−1, u, u−1))

1/2

u1 − u−1
, ν = 0,±1, (V4)

. . . (+ åùå 7 ñëó÷àåâ),

ãäå degP ≤ 2, degQ ≤ 4,

R(u, v, w) = (αv2 + 2βv + γ)uw+ (βv2 + λv + δ)(u+w) + γv2 + 2δv + ε.
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Åñëè êðîìå òî÷å÷íûõ çàìåí ðàññìàòðèâàòü òàêæå ïîäñòàíîâêè òèïà
ïðåîáðàçîâàíèÿ Ìèóðû, òî âåñü ñïèñîê îêàçûâàåòñÿ ýêâèâàëåíòíûì âñåãî
äâóì óðàâíåíèÿì:

öåïî÷êå Âîëüòåððà (òèï V1)

u̇ = u(u1 − u−1),

öåïî÷êå V4 ñ ν = 0

u̇ =
R(u1, u, u−1)

u1 − u−1
,

êîòîðàÿ ñëóæèò äèôôåðåíöèàëüíî-ðàçíîñòíûì àíàëîãîì óðàâíåíèÿ

Êðè÷åâåðà�Íîâèêîâà ut = uxxx − 3(u2
xx−r(u))
2ux

, deg r ≤ 4.

(Åñëè r èìååò êðàòíûé êîðåíü, òî ÊÍ ñâîäèòñÿ ê ÊäÔ. Òî÷íî òàê æå, V4
â ñïåöèàëüíûõ ñëó÷àÿõ ñâîäèòñÿ ê V1).

Â.Ý. Àäëåð Óðàâíåíèÿ íà ðåøåòêå è öåïî÷êè



Îáçîð

Îáùàÿ ñõåìà

Ïðèìåðû

Öåïî÷êè ïåðâîãî ïîðÿäêà

Öåïî÷êè âòîðîãî ïîðÿäêà

u̇n = f(un−2, un−1, un, un+1, un+2)

Äî íåäàâíåãî âðåìåíè ïðèìåðû èñ÷åðïûâàëèñü öåïî÷êîé Áîãîÿâëåíñêîãî

u̇ = u(u2 + u1 − u−1 − u−2) (2)

è åå ìîäèôèêàöèÿìè ïðè ïîìîùè ïîäñòàíîâîê òèïà Ìèóðû. Ðÿä íîâûõ
óðàâíåíèé íàéäåí â ðàáîòàõ

[2] VA, V.V. Postnikov. J. Phys. A 44 (2011) 415203

[3] Ð.Í. Ãàðèôóëëèí, À.Â. Ìèõàéëîâ, Ð.È. ßìèëîâ. ÒÌÔ 180:1 (2014) 17�34

[4] VA. Funct. Anal. Appl. 50:4 (2016) 257�267

[5] R.N. Garifullin, R.I. Yamilov, D. Levi. J. Phys. A 50:12 (2017) 125201; 51:6 (2018)
065204

Ïîëó÷åíà êëàññèôèêàöèÿ â íåêîòîðûõ ÷àñòíûõ ïîñòàíîâêàõ (ëèíåéíîñòü
ïî u±2, èíâàðèàíòíîñòü îòíîñèòåëüíî äðîáíî-ëèíåéíûõ çàìåí), íî â
îáùåì âèäå çàäà÷à ñëèøêîì ñëîæíà. Ïî ñðàâíåíèþ ñ ïåðâûì ïîðÿäêîì,
îòâåò ñîäåðæèò áîëüøå íåýêâèâàëåíòíûõ óðàâíåíèé (ñ òî÷íîñòüþ äî
òî÷å÷íûõ çàìåí è ïîäñòàíîâîê).
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Êðîìå (2), èçâåñòíû åùå òàêèå ïðèìåðû (ñêîðåå âñåãî, ñïèñîê íåïîëíûé):

u̇ = u2(u2u1 − u−1u−2)− u(u1 − u−1),

u̇ = (u1u− 1)(uu−1 − 1)(u2 − u−2),

u̇ = (u2 + 1)
(
u2

√
u21 + 1− u−2

√
u2−1 + 1

)
,

u̇ = (u+ 1)
(
u2

( 1

u1
+ 1
)
u− u

( 1

u−1
+ 1
)
u−2 + u1 − u−1

)
, (3)

u̇ =
H(u−1, u)H(u, u1)(u2 − u−2)

P (u−2, u−1, u, u1)P (u−1, u, u1, u2)
, (4)

ãäå P (u−1, u, u1, u2) � ìíîãî÷ëåí ñòåïåíè 1 ïî êàæäîé ïåðåìåííîé, ñ
ãðóïïîé ñèììåòðèè êâàäðàòà

P (u−1, u, u1, u2) = P (u2, u1, u, u−1) = P (u1, u, u−1, u2),

è H(u, u1) = H(u1, u) ñèììåòðè÷íûé áèêâàäðàòè÷íûé ìíîãî÷ëåí

H(u, u1) = ∂−1(P )∂2(P )− ∂−1∂2(P )P.
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Öåïî÷êà (4) íàéäåíà â [1] íà îñíîâå êîíñòðóêöèè èç ñòàðûõ ðàáîò

[6] VA. Funct. Anal. Appl. 34:1 (2000) 1�9

[7] VA. J. Nonl. Math. Phys. 7:1 (2000) 34�56

[8] VA. Yu.B. Suris. Intl. Math. Res. Notices (2004) 2523�2553.

ñâÿçàííûõ ñ äèñêðåòíûìè óðàâíåíèÿìè íà òðåóãîëüíîé ðåøåòêå. Â
ñïåöèàëüíûõ ñëó÷àÿõ ýòà öåïî÷êà ñâîäèòñÿ ê (3).
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Â [6,7,8] ïîëó÷åí íåêîòîðûé ñïèñîê äèñêðåòíûõ óðàâíåíèé íà Z2 âèäà

E = f(q, q1,0)− f̃(q, q−1,0) + g(q, q0,1)− g̃(q, q0,−1)

+ h(q, q−1,−1) − h̃(q, q1,1) = 0, (5)

äîïóñêàþùèõ âëîæåíèå â Z3

(÷òî ìîæíî èíòåðïðåòèðîâàòü
êàê íàëè÷èå äèñêðåòíûõ
ñèììåòðèé òèïà ïðåîáðàçîâàíèé
Áýêëóíäà). Ñåé÷àñ ìû íå áóäåì
ðàññìàòðèâàòü ýòè äèñêðåòíûå
ñèììåòðèè, âìåñòî íèõ
ðàññìîòðèì íåïðåðûâíûå.
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Â [6,7,8] ïîëó÷åí íåêîòîðûé ñïèñîê äèñêðåòíûõ óðàâíåíèé íà Z2 âèäà

E = f(q, q1,0)− f̃(q, q−1,0) + g(q, q0,1)− g̃(q, q0,−1)

+ h(q, q−1,−1) − h̃(q, q1,1) = 0, (5)

äîïóñêàþùèõ âëîæåíèå â Z3

(÷òî ìîæíî èíòåðïðåòèðîâàòü
êàê íàëè÷èå äèñêðåòíûõ
ñèììåòðèé òèïà ïðåîáðàçîâàíèé
Áýêëóíäà). Ñåé÷àñ ìû íå áóäåì
ðàññìàòðèâàòü ýòè äèñêðåòíûå
ñèììåòðèè, âìåñòî íèõ
ðàññìîòðèì íåïðåðûâíûå.
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Íåïðåðûâíûå ñèììåòðèè

Îêàçûâàåòñÿ, ÷òî âñå óðàâíåíèÿ èç ñïèñêà ñîâìåñòíû ñ
äèôôåðåíöèðîâàíèÿìè âèäà

q,x = a(q, f − g̃ − h̃) = a(q, f̃ − g − h),
q,y = b(q,−f̃ + g − h̃) = b(q,−f + g̃ − h),
q,z = c(q,−f̃ − g̃ + h) = c(q,−f − g + h̃),

ñ íåêîòîðûìè ôóíêöèÿìè a, b, c (ñâîèìè äëÿ êàæäîãî óðàâíåíèÿ). Äâà
âûðàæåíèÿ äëÿ êàæäîãî äèôôåðåíöèðîâàíèÿ ñîâïàäàþò â ñèëó
óðàâíåíèÿ E = 0, à ñîâìåñòíîñòü îçíà÷àåò, ÷òî âûïîëíÿþòñÿ òîæäåñòâà

∂x(E)|E=0 = 0, ∂y(E)|E=0 = 0, ∂z(E)|E=0 = 0.

Áîëåå òîãî, äèôôåðåíöèðîâàíèÿ ñîâìåñòíû è äðóã ñ äðóãîì:

[∂x, ∂y] = [∂x, ∂z] = [∂y, ∂z] = 0 ïðè E = 0.
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Îãðàíè÷åíèå íà ïðÿìóþ

Ðàññìîòðèì óðàâíåíèÿ âäîëü îäíîé èç îñåé ðåøåòêè, íàïðèìåð (n, 0).
Ïåðåìåííûå íà ïàðàëëåëüíîé ïðÿìîé (n, 1) îáîçíà÷èì ÷åðåç pn. Òîãäà ∂y
è ∂z çàïèøóòñÿ â âèäå 2-êîìïîíåíòíûõ öåïî÷åê:

q,y = b(q,−f̃(q, q−1) + g(q, p)− h̃(q, p1)),
p,y = b(p,−f(p, p1) + g̃(p, q)− h(p, q−1)),

q,z = c(q,−f(q, q1)− g(q, p) + h̃(q, p1)),

p,z = c(p,−f̃(p, p−1)− g̃(p, q) + h(p, q−1))

(ïðî âòîðîé èíäåêñ ìîæíî çàáûòü, îí ôèêñèðîâàí). Ïåðåîáîçíà÷èâ

u2k = qk = qk,0, u2k−1 = pk = qk,1,

ïîëó÷èì öåïî÷êè âòîðîãî ïîðÿäêà, íî íå àâòîíîìíûå, à ¾ìèãàþùèå¿ � ñ
ðàçíûìè óðàâíåíèÿìè äëÿ ÷¼òíûõ è íå÷¼òíûõ óçëîâ. Îäíàêî, ïðè
îïðåäåë¼ííûõ óñëîâèÿõ ñèììåòðèè, óðàâíåíèÿ ìîæíî ñäåëàòü
îäèíàêîâûìè, ðàññìîòðåâ ëèíåéíóþ êîìáèíàöèþ ∂y è ∂z.
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u-3 u-2 u-1 u0 u1 u2

∂t

∂t

q-1 q q1

p-1 p p1

Óòâåðæäåíèå. Ïóñòü ðàññìàòðèâàåìûå óðàâíåíèÿ òàêîâû, ÷òî

b(u, v) = c(u, v), g(u, v) = h(u, v), g̃(u, v) = h̃(u, v),

òîãäà ñóììà ïîòîêîâ ∂t = ∂y + ∂z îïèñûâàåòñÿ àâòîíîìíîé ýâîëþöèîííîé
öåïî÷êîé âòîðîãî ïîðÿäêà:

u̇ = b(u,−f̃(u, u−2) + g(u, u−1)− g̃(u, u1))
+ b(u,−f(u, u2) − g(u, u−1) + g̃(u, u1)).
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Ñàìûé ñëîæíûé ïðèìåð

Ñàìûé ïðîñòîé ïðèìåð

Äèñêðåòíîå óðàâíåíèå:

α

q1,0 − q
− α

q − q−1,0
+

β

q0,1 − q
− β

q − q0,−1
+

γ

q−1,−1 − q
− γ

q − q1,1
= 0,

ãäå α+ β + γ = 0.

Äèôôåðåíöèðîâàíèå:

1

∂x(q)
=

α

q1,0 − q
− β

q − q0,−1
− γ

q − q1,1

=
α

q − q−1,0
− β

q0,1 − q
− γ

q−1,−1 − q

è àíàëîãè÷íî äëÿ ∂y, ∂z (ïî öèêëó).
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Ñàìûé ïðîñòîé ïðèìåð

Óñëîâèå ñèììåòðè÷íîñòè (÷òîáû íå áûëî ¾ìèãàíèÿ¿ â óðàâíåíèÿõ äëÿ u)
ïðèâîäèò ê îãðàíè÷åíèþ β = γ, α = −2γ, ïðè ýòîì ïîòîê ∂t = ∂y + ∂z
îïèñûâàåòñÿ óðàâíåíèåì

u̇ =
1

2
u2−u + 1

u−u1
+ 1

u−u−1

− 1
2

u−2−u + 1
u−u1

+ 1
u−u−1

.

Ìîæíî ïîêàçàòü, ÷òî îíî ïðèâîäèòñÿ ê âèäó (4) ñ ìíîãî÷ëåíàìè

H = (u1 − u)2, P =
1

2
(u2 + u)(u1 + u−1)− u−1u1 − uu2

è ïåðåõîäèò â óðàâíåíèå (3) äëÿ ũ ïðè ïîäñòàíîâêå

ũ =
1

2 (u3−u2)(u1−u)
(u3−u1)(u2−u) − 1

.

Äàëüøå èä¼ò åùå îêîëî 10 ïðèìåðîâ...

Â.Ý. Àäëåð Óðàâíåíèÿ íà ðåøåòêå è öåïî÷êè



Îáçîð

Îáùàÿ ñõåìà

Ïðèìåðû

Ñàìûé ïðîñòîé ïðèìåð

Ñàìûé ñëîæíûé ïðèìåð

Ñàìûé ñëîæíûé ïðèìåð

Äèñêðåòíîå óðàâíåíèå (â ìóëüòèïëèêàòèâíîé ôîðìå):

f(q, q1,0;α)f(q, q−1,0;α)f(q, q0,1;β)f(q, q0,−1;β)

× f(q, q−1,−1; γ)f(q, q1,1; γ) = 1,

ãäå α+ β + γ = 0 è

f(q, p;α) =
σ(q + p+ α)σ(q − p+ α)

σ(q + p− α)σ(q − p− α)
,

σ � ýëëèïòè÷åñêàÿ ôóíêöèÿ Âåéåðøòðàññà.

Äèôôåðåíöèðîâàíèå:

q,x + 1

q,x − 1
= f(q, q1,0;α)f(q, q0,−1;β)f(q, q1,1; γ)

= f(q, q−1,0;−α)f(q, q0,1;−β)f(q, q−1,−1;−γ),

è àíàëîãè÷íî äëÿ ∂y, ∂z.
Â.Ý. Àäëåð Óðàâíåíèÿ íà ðåøåòêå è öåïî÷êè



Îáçîð

Îáùàÿ ñõåìà

Ïðèìåðû

Ñàìûé ïðîñòîé ïðèìåð

Ñàìûé ñëîæíûé ïðèìåð

Ñàìûé ñëîæíûé ïðèìåð

Ïðè β = γ, α = −2γ ïîòîê ∂t = ∂y + ∂z îïèñûâàåòñÿ óðàâíåíèåì

u̇ =
1

f(u, u2; 2γ)f(u, u1;−γ)f(u, u−1;−γ)− 1

− 1

f(u, u1;−γ)f(u, u−1;−γ)f(u, u−2; 2γ)− 1
.

Â ðåçóëüòàòå çàìåíû

℘(u) = ũ

îíî ïðèâîäèòñÿ ê âèäó (4) ñ ìíîãî÷ëåíîì P , êîýôôèöèåíòû êîòîðîãî
âûðàæàþòñÿ ÿâíûìè, íî äîâîëüíî ãðîìîçäêèìè ôîðìóëàìè ÷åðåç
ïàðàìåòð γ è ìîäóëè g2, g3. Ìîæíî ïîêàçàòü, ÷òî ýòî ìíîãî÷ëåí îáùåãî
ïîëîæåíèÿ (ñëåäóåò îòìåòèòü, ÷òî âñåãî â P èìååòñÿ 6 ïðîèçâîëüíûõ
êîýôôèöèåíòîâ, íî 3 óáèâàþòñÿ äðîáíî-ëèíåéíûìè ïðåîáðàçîâàíèÿìè u).

Â.Ý. Àäëåð Óðàâíåíèÿ íà ðåøåòêå è öåïî÷êè


	
	  
	  

	 
	     
	  

	
	  
	  


