Bbiclune cummeTpmm

K nexrm 5 (2024)

1 OnpegeneHue D,, D;1 n D¢, reHepauma oAHOPOAHbIX
MHOI04/1IEHOB

Crenyrone GyHKINH yXKe UCIIOJIF30BAJIICH Ha JIEKINH 2 (IIPO 3aKOHBI COXpaHeHwns1). B HUX agantupyrorcs
BcTpoenHsble pynkunn D, Derivative u Integrate.

[Tycts u[n] o6o3navaer 4 (u(x)). [Ipon3BogHAS IO X ¥ MHTETPAT:

in[191:= n2x=u[n_] > Derivative[n] [u] [X];
x2n = {u[x] »u[@], Derivative[n_] [u] [X] :>u[n]};

dx[expr_] :=D[expr /. n2x, x] /. X2n
dx[expr_, k_] :=D[expr /.n2x, {x, k}] /.x2n

int[expr_] :=Block[{i = Integrate[expr /. n2x, x]},
If[FreeQ[i, Integrate], i/.x2n, i]]

ITpousBoaHast 1Mo ¢ B CHITy ypaBHEHHUS U; = f

in[241= n2t=u[n_] > Derivative[n, 0] [u] [Xx, t];
t2n = {u[x, t] »u[0@], Derivative[n_, O] [u] [X, t] =»>u[n]};

dt[expr_, f ] :=D[expr/.n2t, t] /. u"Y [x, t] »D[f /. n2t, {x, n}] /. t2n
comm[f_, g ] :=Expand[dt[g, f] -dt[f, g]]

vars[f, 1] ClIHCOK TIEpEMEHHBIX i, B BBIPAKCHUH

mon(d, r, k] CIICOK MOHOMOB CTETICHH d OT Uy, Ujil, ... C OOIIEH CYMMOW WHACKCOB PaBHOM 7

hom[m, n, M] cnncok Bcex MOHOMOB 3aJIaHHOTO Beca /M OTHOCHTENBHO BECA Uj ~ M + ] Il

rhom[m, n, M] To xe camoe, HO 6€3 MOHOMOB, TMHEHHBIX IO CTApIICH TepeMEHHOH (CIeI0BaTeIFHO, BCE
MOHOMBI B 3TOM CIHCKE HEAKBUBAICHTHBI TI0 MO0 Im D))

in[281:= wvars[f_, u__] :=Union[Flatten[Cases[f, Blank[#], {0, Infinity}] & /@ {u}]]

mon[d_, r_, k_] :=If[d==1, If[r=k, {ulrl}, {}]1,
Flatten[Table[u[s] xmon[d -1, r-s, s], {s, k, r}]1]

hom[m_, n_, M_] :=Flatten[Table[
If[IntegerQ[ (M-md) /n], mon[d, (M-md) /n, O], {}],
{d, 1, Floor[M/m]}]]

rhom[m_, n_, M_] :=Select[hom[m, n, M], Exponent [#, Last[vars[#, u]]] >1 || #=u[0O] &]

TecToBslil mpuMep: coBMecTHOCTh Kn® ¢ ypaBHeHHEM 5-ro nmopsaka:
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n(321=  ut3=u[3] -6u[0@] <u[l]
ut5 = dx[u[4] -10u[@] u[2] -5u[1]*+10u[0]’]

dt[ut3, ut5]
dt [ut5, ut3]

Expand[% - %%]

Out[32]=
-6u[@] ‘u[l] +u[3]
Out[33]=
3eu[0]2u[1]—20u[1] uf2] -10u[@] <u[3] +u[5]
Out[34]=
99u(2] (2u[1]*+2u[@] u(2])+180u[@] u[l] u[3]-70u[3]%+
30ufl] (6u[l] ~u[2] +2u[9] u[3])+3eu[0]2u[4]—110u[2] uf4] -50ufl] ~u(5] -
6ull] (3eu[0]2u[1]—20u[1] uf2] -10u(9] u[3]+u[5])—1eu[0] u[6] -
6uf@] (60u[6] u[1]®+30u[@]°u[2] -20u[2]®-30u[1] u[3]-10u[8] u[4] +u[6]) +u[8]
Out[35]=
—60u[3]2+60u[0] ufl] (-6uf[@] <u[l] +u[3]) -10u[3] (-6u[@] ~u[l] +u[3]) -9Qu[2] u(4] +
30u(@)® (-6u[1]*-6u[8] u[2] +u[4])-20u[2] (-6u[1]®>-6u[@] u[2] +u[4]) -
36uf[l] <u[5] -20u[l] (-18u[l] u[2] -6u[@] ~u[3] +u[5]) -
6u[@] “u[6] -10u[0Q] (—18u[2]2—24u[1] uf3] -6u(@] u[4]+u[6])+u[8]
Out[36]=

2 Nepapxuna broprepca

COBMECTHOCTh JIMHEHHBIX ypaBHeHI/Iﬁ O4YCBH/HA

n371:=  dt[u[m], uln]]

out[37]=
ulm+n]

[MonsTHO (?7), 9TO PM TOYEUHBIX 3aMEHAX U MOJICTAHOBKaX COBMECTHOCTH He mopTuTcs. CuenaeM 3amMeHy K
ypaBHeHUI0 broprepca:

u=exp(v), ub=vi,=u./u
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n(3sl:=  uBt[n_] := Expand [dx[Exp[-u[@]] dX[Exp[u[@]], n]]1] /.u[k_]=»u[k-1]

uBt[1]
uBt[2]
uBt[3]
uBt[4]

Out[39]=

Out[40]=

Out[41]=

Out[42]=
4ue]du[l] +12u[@] u[1]?+6u[@]2u[2] +10u[1l] u[2] +4u[@] u[3] +u[4]

JleicTBUTENBHO, KOMMYTATOPHI paBHbI O:

In[43:= comm[uBt[2], uBt[3]]
comm[uBt[2], uBt[4]]
comm[uBt[3], uBt[4]]

Out[43]=

(<]
Out[44]=

(<]
Out[45]=

(4]

Oneparop pekypcuu R =D +u +uy D!
infa6):=  R[F_] := Expand [dx[f] +u[@] f + u[1] <int[f]]

Ut[1] = uBt[1]
Ut[2] =R[%]
Ut[3] =R[%]
Ut[4] =R[%]
Ut[5] =R[%]

out[47]=
ufl]

Out[48]=

Out[49]=
3u[@]%u[1] +3u[1]%+3u[@] u[2] +u[3]

Out[50]=

4ue]3u[l] +12u[@] u[1]?+6u[@]2u[2] +10u[1l] u[2] +4u[@] u[3] +u[4]
Out[51]=

5u[@]%u[l] +30u[0]%u[1]?+15u[1]®+10u[@]3U[2] +

50u[0] u[l] u[2] +10u[2]%+10u[@]%u[3] +15u[1] ‘u[3] +5u[@] u[4] +u[5]

3 BbluncneHme cummeTpum Kad metoaom HeonpeaeeHHbIX
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KO3 PULUMEHTOB

BblurcneHre cUMMETpUM 5-ro u 7-ro nopsaxKos

CocTaBuM 0OIIHIA OTHOPOIHBIM MHOTOWICH Beca 7; K03()(GUIMEHT MPH #5 TTOT0KUM PaBHBIM |
inf751= ut3=u[3] -6u[0@] <u[l];

hom[2, 1, 7]
a /@Range[Length[%]]

uT =%.%%/.a[l] »1

Out[76]=

{u[5], uf@] u[3], u[1] u[2], u[@]*u[1]}
Oout[77]=

{a[1], a[2], a[3], a[4]}
Out[78]=

a[4]u[0]2u[1]+a[3] ufl] ~uf[2] +a[2] ~u[@] ~u[3] +u[5]

CocraBuM ypaBHEHHE [uy,, ur] = 0, cobepeM k03 OULHEHTBI, PEIIMM CHCTEMY, 10 PEIIEHHUIO ONPEACTUM Uy,
n(79l:= eq=dt[uT, ut3] - dt[ut3, uT]
vars[eq, u]

Union[Flatten[CoefficientList[eq, %]1]]
sol = Solve[% = 0]

ut5=uT /. sol[1]

out[79]=
-3a[4] u(2] (2u[1]*+2u[@] u[2])-6a[4] u[@] u[l] u[3]-66u[3]®-a[2]u[3]”-
3a[3]u[3]2+2a[4] uf@] ~ufl] (-6uf[@] “ufl] +u[3]) +a[2] “u[3] (-6u[@] “u[l] +u[3]) -
af(4] ~u[l] (6ufl] ~u[2] +2u[Q] u[3])—a[4]u[@]zu[4]—90u[2] uf4] -
3a[2] u(2] u[4]-4a[3] u[2] u[4]+a[4]ul@]®(-6u[1]®-6u[@] u[2]+u(4])+
a(3] u[2] (—6u[1]2—6u[0] u[2]+u[4])—36u[1] u[(5] -3a[2] ~u[l] ~u[5] -
a(3] ~u[l] ~u[5] +a[3] ~u[l] (-18u[l] ~u[2] -6uU[@] ~u[3] +u[5]) +
6ull] (a[4]u[0]2u[1]+a[3] ufl] ~uf[2] +af[2] ~u[e@] u[3]+u[5])—6u[0] uf6] -
a(2] ~u[@] ~u[6] +a[2] ~u[@] (—18u[2]2—24u[1] uf3] -6u(0Q] u[4]+u[6])+
6u(@] (2a[4] u[e]u[1]®+a[4]u[@]®u[2] +a[3]u[2]?+
af2] ~u[l] ~u[3] +a[3] ~u[l] ~u[3] +a[2] “u[@Q] u[4]+u[6])
Out[80]=
{ufe], ufl], u[2], u[3], uf4], ul5], u[6]}
Out[81]=
{0, -30-3a[2], -60-3a[3], -99-3a[2] -3a[3], -18a[3] -12a[4], -18a[2] -6a[4]}
out[82]=
{{a[2] »-10, a[3] »>-20, a[4] > 30}}
Out[83]=

3eu[0]2u[1] -20u[l] u[2] -10u[@] <u[3] +u[5]

IIpoBepka
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infg4l:=  comm[ut5, ut3]

out[84]=
(4]

To xe camoe npoaeiacM ¢ OJHOPOAHBIM MHOTOWICHOM BECa 9.

injgs:=  hom[2, 1, 9]
a /@Range[Length[%] ]

uT =%.%%/.a[l] »1

Out[85]=
{u[7], u@] u[5], u[1] u(4], u[2] u[3], u[@]*u[3], u[@] u[1l] u[2], u[1]?, u[@]’u[1]}
Out[86]=
{a[1], a[2], a[3], a[4], a[5], a[6], a[7], a[8]}
Oout[87]=
a[8ju[@]®uf1] +a[7]u[1]®+a[6] u[@] u[1] u[2]+
a[5]u[0]2u[3]+a[4] uf2] ~u[3] +a[3] ~u[l] ~u[4] +a[2] ~u[@] “u[5]+u[7]
injggl:= eq=comm[ut3, uT]
vars[eq, u]
Union[Flatten[CoefficientList[eq, %]]]
sol = Solve[% = 0]
ut7 =uT /. sol[1]
Out[88]=
-12a[7]u[l]*-6a[8] u[l]*-18a]6] u[@]u[l]zu[Z]—36a[8] u[@] u[1j?u[2] -
18a[5] u[@]%u[2]®-9a[8] u[@]?u[2]®-18a[4]u[2]®-3a[6]u[2]®-6a[7]u[2]%-
18a[5] u[@]%u[1] u[3] -9a[8] u[@]%u[l] u[3]-60a[3] u[l] u[2] u[3]-
36a[4] ~u[l] “u[2] ~u[3]-6a[5] ~u[l] ~u[2] u[3]—12a[6] ufl] ~uf2] ~u[3] -
18a[7] u[l] ‘u[2] u[3]—60a[] u[@]u[3]®-3a[6] u[@]u[3]%2-30a[3]u[1l]%u[4] -
6a[5]u[1]2u[4]—3a[6] [1] [4]—90a[2] u[@] uf2] ~u[4] -6a[5] ~u[@] ~u[2] ~u[4] -
3a[6] ~u[@] <u[2] ~u[4] -210u[4 ]2 a(4juld ] -30a[2] ~u[@] ~u[l] ~u[5] -
6a[5] ~u[@] ‘u[l] u[5] -336u[3] u[5]—3a[3] u[(3] ~u[5] -3a[4] ~u[3] ~u[5] -
168 u[2] <u[6] -3a[2] ~u[2] ~u[6] -3a[3] u[2] ~u[6] —42u[l] ~u[7] -3a[2] ~u[l] ~u[7]
Out[89]=
{uf@], u[l], u[2], u[3], u[4], u[5], u[6], u[7]}
Out[90]=
{0, -42-3a[2], -168-3a[2] -3a[3], -210-3a[4],
-336-3a[3] -3a[4], -30a[2] -6a[5], -60a[2] -3a[6], -99a[2] -6a[5] -3a[6],
-30a[3]-6a[5] -3a[6], -60a[3] -36a[4] -6a[5] -12a[6] -18a[7],
-18a[4] -3al6] -6a[7], -18a[6] -36a[8], -18a[5] -9a[8], -12a[7] -6a[8]}
Oout[91]=
{{a[2] »-14, a[3] > -42, a[4] >-70, a[5] > 70, a[6] -280, a[7] >70, a[8] - -140}}
Oout[92]=

-140u[0]3u[1] +70u[1]®+280u[@] ‘u[1l] ‘u[2] +
7eu[0]2u[3]—70u[2] uf(3] -42ufl] ~u[4] -14u[@] ~u[5] +u[7]

IIpoBepka



6 | Symmetries.nb

In[93]:=

Out[93]=

Out[94]=

comm[ut7, ut3]
comm[ut7, ut5]

BblumMcnenne B npoueaype

In[95]:=

In[97]:=

out[97]=

Out[98]=

out[99]=

CremaeM TO e caMOe B BHJIC TIPOIICTYPHI TS TFOO0OTO Beca.
ut3=u[3] -6u[0@] <u[l];

sym[m_] :=Module[{uT, a, eq},
uT =hom[2, 1, m+ 2];
uT = Table[a[i], {i, 1, Length[uT]}].uT /. a[1] »1;
eq = comm[uT, ut3];
eq = Union[Flatten[{CoefficientList[eq, vars[eq, ul]}1];
eq =Solve[eq==0];
If[Length[eq] ==0, O, uT /. eq[1]]

CrummeTpuii 9€THOTO OPSIIKA HET:
sym[2]

sym[4]
sym[6]

(4]

CrumMeTpun HEYETHOTO TTOPsAKa:



In[100]:=

Out[100]=

Out[101]=

Out[102]=

Out[103]=

Out[104]=

Out[105]=

In[106]:=

Out[106]=

out[107]=

uKt[1] =sym[1]
uKt[3] =sym[3]
uKt[5] =sym[5]
ukKt[7] =sym[7]
uKt[9] = sym[9]
uKt[11] = sym[11]

ufl]
-6u[@] ‘u[l] +u[3]
3eu[0]2u[1]—20u[1] uf2] -10u[@] <u[3] +u[5]

-140u[@]3u[1] +70u[1]3+280u[@] u[1l] u[2] +
7eu[0]2u[3]—70u[2] uf(3] -42ufl] ~u[4] -14u[@] ~u[5] +u[7]

630u[0]%u[1] -1260u[0] u[1]®>-2520u[@]%u[l] u[2] +1302u[1] u[2]%-
420u[@]3u[3] +966u[1]2u[3] +1260u[B] ~u[2] u[3] +756u[@] ~u[l] u[4] -
252 u([3] u[4]+126u[0]2u[5]—168u[2] uf5] -72u[l] ~u[(6] -18u[@] ~u[7] +u[9]

-2772u[0]°u[1] +13860u[@]2u[1]® +18480u[0]3u[l] u[2] -

14784 u[1]3 ] -28644u[@] u[l] u[2]%+2310u[@]*u[3] -21252u[@] u[1]%u[3] -
13860 u[@]2u[2] u[3] +9702u[2]%u[3] +7194u[1] u[3]%-8316u[0]%u[l] u[4] +
11484 u[1] ~u[2] u[4] +5544u[@] u[3] u[4] -924u[@]>u[5] +2838u[1]%u[5] +
3696 uU[0@] <u[2] ~u[5] -924u[4] u[5] +1584u[@] ~u[l] u[6] -66OU[3] U[6] +
198u[0]2u[7] -330u[2] ~u[7] -110u[1] ~u[8] -22u[@] “u[9] +u[l]l]

[
uf2
ul2
KoMMyTaTUBHOCTh CUMMETpHUIA:

comm[uKt[5], uKt[9]]
comm[uKt[7], uKt[9]]

(4]

CI/IMMeTpI/IH 15-to nopsiaKa BIYHUCIISCTCS JOBOJIBHO JOJITO:!

Symmetries.nb | 7
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In[108]:=

sym[15]

Out[108]=
-51480u[@]’ u[1l] +900900u[0]%u[1]> 900900u[0]u[1]5+720720u[0]5u[1] uf2] -
5765760 u[@]2u[l ]3u[2] -3723720u[0]3u[1] u[2]%+4178460u[1]>u[2]%+
5319seeu[e] uf1ju[2]®>+60060u[0]°uU[3] -2762760u[0]>u[1]%U[3] +1540110u[1]4u[3] -
900900 u[@]*u[2] u[3] +11788920u[@] u[1]2u[2] u[3] +3783780u[B]2u[2]%u[3] -
2279420u[2]3u[3] +2805660U[0]%u[1] u[3]%-5045040u[1] [ Ju[3]?-797940u[0] u[3]’-
540540 u[@]%u[1] u[4] +2316600u[0] u[1]>u[4] +4478760u[B]2u[1l] u[2] u[4] -
4010292 uf1] u[2]%u[4] +720720u[0]3u[3] u[4] -2961816u[1]%u[3] u[4] -
3809520u[ uf2] u[3] u[4]—1123980u[0] ufl] u[4]2+578006 u[3] u[4]? -

Ju
]

36036 U[@]°u[5] +1106820u[@]2u[1]%u[5] +480480u[@]>u[2] u[5] -1959672u[1]%u[2] ‘u[5] -
]

1261260 u[0] u[2]%u[5] -1870440u[@] ~u[l] u[3] u[5] +480194u[3]2u[5] -

360360 U[0]2u[4] U[5] +763620u[2] u[4] u[5] +187174u[1] u[5]%+205920u[@]>u[1l] ‘u[6] -
274560 u[1]3u[6] -1063920u[@] ~u[1l] u[2] U[6] - 257400 u[@]2u[3] Uu[6] +

543400 u[2] u[3] u[6] +320632u[1] u[4] u[6] +182960u[@] u[5] u[6] +

12870 u[8]%u[7] -197346u[@] u[1]%u[7] - 128760 U[@]% u[2] ~u[7] + 134766 u[2]%u[7] +

199888 u[1] ~u[3] u[7] +77220u[@] ‘u[4] u[7] -12870u[6] u[7] -42900u[@]%u[l] u[8] +
88400 u[1] u[2] u[8] +42900u[@] u[3] Uu[8] -1@@10U[5] u[8] -2860u[@]>u[9] +

13130 u[1]2u[9] +17160u[0] ~u[2] u[9] -6006 U[4] u[9] +468Bu[@] ~u[l] u[lO] -

2730u[3] u[10] +390u[8]2u[11] -910u[2] ~u[11] -210u[1] ~u[12] -3@u[@] ~u[13] +u[15]

4 YpaBHeHMA SK 1 KK

[Tormpobyem moucKkaTh OJHOBPEMEHHO U, =f H Uy =g

U, nopsaaKka 4, ur nopagka 6
In[109]:=
hom[2, 1, 6]

a /@Range[Length[%]];
f=%.%%/.a[l] >1

hom[2, 1, 8]
b /@ Range[Length[%]];
g=%.%%/.b[1] >1

Out[109]=
{ur4), ue] u[2], u[1)?, u(e)’}
Out[111]=
a[4]u[@]®+a[3]u[l]®+a[2] u[@] u[2] +u[4]
Oout[112]=
{u[6], u(@] ul4], u[1] u[3], u[2]?, ul@]®u[2], u[8] u[1]?, u[@]*}
Out[114]=

b[7] u[@]*+b[6] u[@]u[l]®+b[5] u[@]%u[2] +
b[4] u[2]2+b[3] ‘u[1l] u[3] +b[2] ‘u[@] u[4] +u[6]

CucreMa Ha K03 GUIHMEHTHI MOTyYaeTcst HeMmuHelHast, Ho Mathematica ¢ Hew cripaBisiercsl. Pemennii Her.
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In[115]:=

eq=comm[f, g]

vars[eq, u]
Union[Flatten[CoefficientList[eq, %]1]]
sol = Solve[% = 0]

Out[115]=
a[4] b[7]u[@]®+6a[4] b[5]u[@]>u[1]®+4a[4] b[6]u[@]>u[1]®-12a[2] b[7]u[@]3u[1]?-
4a[3] b[7]u[@]?u[1]®+6a[4] b[3]u[l]*-a[3] b[6]u[l]*-24b[7]u[1]*+
2a[4] b[5]u[@]*u[2] -a[2] b[7]u[@]*u[2] +36a[4] b[2] u[B]u[1]%u[2] +
18a[4] b[3] u[@]u[1l]?u[2] +12a[4] b[4] u[@]u[l]?u[2] -2a[2] b[5] u[@]ul[l]%u[2] -
2a[3] b[5] u[@]u[1]?u[2] -3a[2] b[6] u[@]u[l]?u[2] -144b[7] u[@]u[1l]?u[2] +
18a[4] b[2]u[@]%u[2]®+3a[4] b[4]u[@]?u[2]®+2a[3] b[5]u[@]®u[2]%-
2a[2] b[6]u[@]?u[2]®-36b[7] u[@]%u[2]?+9@a[4]u[2]®+a[2] b[4]u[2]®+
4a[3] b[4]u[2]®-6b[5]u[2]®>-12b[6] u[2]>+24a[4] b[2]u[@]%u[1] u[3] +
3a[4] b[3]u[@]?u[l] u[3]-2a[2] b[5]u[@]%u[1] u[3]-48b[7] u[@]%u[l] u[3]+
360 a[4] u[l] ~u[2] u[3] +4a[2] b[3] u[1l] “u[2] u[3]+6a[3] b[3] u[l] u[2] u[3]+
4a[2] b[4] u[1] u[2] u[3]-32b[5] u[1] u[2] u[3]-44b[6] u[1] u[2] u[3]+
60af4] u[@]u[3]%+4a[2] b[2] u[@]u[3]?+6a[3] b[2] u[@]u[3]2—
2a[2] b[4] u[@]u[3]%2-8b[5] u[@]u[3]®>-6b[6] u[@]U [] +al4] b[2juel®u4] +
99 af4] u[1]?u[4] -a[3] b[2]u[1]%u[4] +3a[2] b[3]u[1]®u[4] -12b[5] u[1]%u[4] -
8b[6]u[1]2u[4]+90a[4] u[@] “uf2] ~uf4] +6a[2] b[2] ~u[@] “u[2] u[4] +
8a[3] b[2] u[@] u[2] u[4]-2a[2] b[3] u[@] u[2] u[4]-12b[5] u[@] u[2] u[4]-
8b[6] u[@] u[2] u[4] +15a[2] u[4]®+20a[3]u[4]®-4b[3]u[4]%-
6b[4] u[4]®+36a[4] u[@] u[l] u[5]+2a[2] b[2] u[@] u[l] u[5]-
8b[5] ~u[@] u[l] “u[5] +26a[2] ~u[3] ~u[5]+30a[3] u[3] u[5]-4b[2] u[3] u[5] -
6b[3] ~u[3] ~u[5] -8b[4] ~u[3] “u[5] +15a[2] ~u[2] ~u[6] +12a[3] “u[2] “u[6] -
6b[2] u[2] u[6] -4b[3] u[2] u[6]+6a[2] u[l] u[7]-4b[2] u[l] u[7]
Out[116]=
{uf@], u[l], u[2], u[3], u[4], u[5], u[(6], u[7]}
Oout[117]=
{0, 6a[2] -4b[2], a[4] b[2],
15a[2] +12a[3] -6b[2] -4b[3], 26a[2] +30a[3] -4b[2] -6b[3] -8b[4],
15a[2] +20a[3] -4b[3] -6b[4], 36a[4] +2a[2] b[2] -8b[5],
360a[4] +4a[2] b[3]+6a[3] b[3]+4a[2] b[4]-32b[5]-44b]6],
99a[4] +a[2] b[4] +4a[3] b[4] -6b[5] -12b[6],
99a[4] +6a[2] b[2] +8a[3] b[2] -2a[2] b[3]-12b[5] -8b[6],
99a[4] ~a[3] b[2] +3a[2] b[3]-12b[5] -8b[6],
60a[4] +4af2] b[2] +6a[3] b[2] -2a[2] b[4] -8b[5]-6b[6],
36a[4] b[2] +18a[4] b[3] +12a[4] b[4] -2a[2] b[5]-2a[3] b[5]-3a[2] b[6]-144b[7],
24a[4] b[2] +3a[4] b[3]-2a[2] b[5]-48b[7],
18a[4] b[2] +3a[4] b[4] +2a[3] b[5]-2a[2] b[6]-36b[7],
6af4] b[3]-a[3] b[6] -24b[7], a[4] b[7], 2a[4] b[5] -a[2] b[7],
6a[4] b[5] +4a[4] b[6]-12a[2] b[7]-4a[3] b[7]}
Out[118]=

{{a[2] -0, a[3] >0, a[4] -0, b[2] >0, b[3] >0, b[4] -0, b[5] >0, b[6] >0, b[7] -0}}
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u, nopAaaka 5, ur nopagka 7

In[119]:=

hom[2, 1, 7]

a /@Range[Length[%]];

f=%.%%/.a[l] -1

hom[2, 1, 9]

b /@Range[Length[%]];

g=%.%%/.b[1] »1
Out[119]=

{u[5], u[@] u[3], u[1] u[2], u[e]?u[1]}
Out[121]=

a[4]u[0]2u[1]+a[3] ufl] ~uf[2] +af[2] ~u[@] ~u[3] +u[5]
Oout[122]=

{u[7], u[@] u[5], u[1] u(4], u[2] u[3],u[@]*u[3], u[@] u[1l] u[2], u[1]?, u[@]’u[1]}
Out[124]=

b[5]u[0]2u[3]+b[4] u(2] ~u[3] +b[3] ~u[l] ~u[4] +b[2] ~u[@] ~u[5] +u[7]

Haxonures 3 pemenmus!
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In[125]:=
eq=comm[f, g];
vars[eq, u];
Union[Flatten[CoefficientList[eq, %]]]
sol = Solve[% = 0]
Oout[127]=
{0, 7a[2] -5b[2], 21a[2] +7a[3] -18b[2] -5b[3],
42 a[2] +56a[3] -5b[2] -10b[3] -15b[4], 21a[2] +35a[3] -5b[3] -10b[4],
35a[2] +28a[3]-10b[2] -10b[3] -5b[4], 14a[4] +2a[2] b[2] -1@b[5],
112 a[4] +10a[2] ~b[2] +15a[3] b[2] -3a[2] b[3] -3a[2] b[4] -20b[5] -15b[6],
70a[4] +5a[2] b[2] +10a[3] b[2] -3a[2] b[4] -10b[5] -10b[6],
56a[4] +7a[2] b[2] +5a[3] b[2]-3a[2] b[3]-20b[5]-5b[6],
56a[4] -2a[3] b[2]+4a[2] b[3]-20b[5]-5b[6],
560 a[4] +a[2] b[4] +5a[3] b[4] -20b[5] -60b[6] -90b[7],
560 a[4] +5a[2] b[3]+10a[3] b[3]+2a[2] b[4]-2a[3] b[4]-50b[5] -65b[6] -60b[7],
420a[4] +3a[2] b[4] +3a[3] b[4]-30b[5] -45b[6] -60b[7],
336a[4] -a[3] b[2]+6a[2] b[3]+2a[3] b[3]+3a[2] b[4]-60b[5]-35b[6]-30b([7],
120a[4] b[2] +20a[4] b[3]+12a[4] b[4] -6a[2] b[5]-2a[3] b[5]-11a[2] b[6] -
18a[2] b[7] -360b[8], 30a[4] b[3] +12a[4] b[4] -3a[3] b[6]-6a[3] b[7]-270b[8],
20a[4] b[3]+2a[4] b[4]-2a[3] [5]—2a[3] b[6] +2a[2] b[7] -120b[8],
30a[4] b[2]+10a[4] b[3]-6a[2] b[5]-4a[3] b[5]-a[2] b[6]-90b[8],
30a[4] b[2]+6a[] b[4] -3a[2] b[6]—6a[2] b[7] -90b[8],
30a[4] b[2]-3a[2] b[5]+3a[3] b[5]-3a[2] b[6]-45b[8],
20a[4] b[2]+3a[] b[5] -3a[2] b[6] -30b[8], 10a[4] b[2] -3a[2] b[5] -15b[8],
6a[4] b[5]-9a[2] b[8], 12a[4] b[5 ]+6a[4] b[6] -36a[2] b[8] -9a[3] b[8],
2a[4] b[6] +4a[4] b[7]-6a[2] b[8]-6a[3] b[8]}
Out[128]=
a[2]? 7a[2] 14 a[2]
{{a[3]ea[2],a[4]e s S ,b[3] > s
5 5 5
21a[2] 14a[2] 42 a[2] 7a[2]? 28 a[2]
4] - , b[5] = , b6 > ,bI7] 5 , b8 > }
5 25 25 25 375
5a[2] a[2]? 7a[2] 49 a[2] 42 a[2]
{a[3]e ,al4] > s S ,b[3] > ,bl4] > s
2 5 5 10 5
14a[2] 63a[2]? 7a[2]? 28a[2]
b[5] > ,b[6] > ,b[7] > ,b[8] > },
25 25 10 375
3a[2]? 7a[2] 21a[2]
{a[3]92a[2],a[4]e ,b[2] > ,b[3] > ,b[4] 57a[2]
10 5
7a[2]? 14a[2]2 7a[2]? 7a[2]3
b[5] > ,b[6] > ,b[7] > ,b[8] > H
10 5 10 50
OpxHo n3 HUX coBmanaeT ¢ cuMMeTpueit Kn®, mpn noaxozsimem Beioope cBoOoaHOr0 Koadduimenta
(KOTOPBII OTBEYALT 3a PACTSHKEHHE)
In[129]:=
uKt[5]
f/.sol[[3] /.a[2] » -10
Out[129]=
3eu[0]2u[1]—20u[1] uf2] -10u[@] <u[3] +u[5]
Out[130]=

3eu[0]2u[1] -20u[l] u[2] -10u[@] <u[3] +u[5]

JIBa npyrux — HOBBIE ypaBHEeHHs, He cBsi3aHHbIe ¢ Knd. Ypasuenune CaBansr-Korepsr
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In[131]:=
uSKt[5] =f /. sol[[1] /. a[2] »5
uSKt[7] =g /.sol[[1] /. a[2] »5
comm[%, %%]

out[131]=
5u[0]2u[1] +5u([1] ~u[2] +5u[@] “u[3] +u[5]
out[132]=
28
— u[@]3u[1] +7u[1]®+42u[@] ‘u[l] ‘u[2] +
3
14u[0]2u[3] +21u[2] ~u[3] +14u[l] <u[d4] +7u[@] ~u[5] +u[7]
out[133]=
0
n Kayna-Kynepmmuara
In[134]:=
ukKKt[5] =f /. sol[[2] /. a[2] »5
ukKKt[7] =g /.sol[[2] /. a[2] »5
comm[%, %%]
out[134]=
25
5u[0]2u[1] +— Uu[l] ~u[2] +5u[@] “u[3] +u[5]
2
out[135]=
28 s 35u[1]3
— u[@] ull] + +63u[0@] ~u[l] u[2] +
3 2
49
14u[0]2u[3] +42u[2] ~u[3] + —u[l] ~u[4] +7u[@] “uU[5]+u[7]
2
out[136]=

JI71s1 KaXkaoro U3 HUX MOKHO HAWTH U Jpyrue BhICIINE CUMMETPHH, Kak U panblue 1 Kn®d. Hemuoro
MOAUDUIIAPYEM TIPEIBIITYITYIO TIPOLICYPY.
In[137]:=
sym[m_, ut_] :=Module[ {uT, a, eq},
uT =hom[2, 1, m+ 2];
uT = Table[a[i], {i, 1, Length[uT]}].uT /. a[1] »1;
eq = comm[uT, ut];
eq = Union[Flatten[{CoefficientList[eq, vars[eq, ul]}1];
eq =Solve[eq==0];
If[Length[eq] ==0, @, uT /. eq[1]]
1

Oxka3zbIBaeTCsl, YTO CHMMETPHI 9-T0 mopsika HeT, 11-ro ects. Boobmie, 11t 3THX ypaBHEHUI eCTh
CUMMETPUH, NOPSIKU KOTOPBIX HE JEJIATCS HA 2 UK 3.
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In[138]:=
sym[7, uSKt[5]]
sym[9, uSKt[5]]
sym[11, uSKt[5]]
Out[138]=
28
— u[@]3u[1] +7u[1]®+42u[@] ‘u[l] ‘u[2] +
3
14u[0]2u[3] +21u[2] ~u[3] +14u[l] <u[d4] +7u[@] ~u[5] +u[7]
Out[139]=
)
Out[140]=
88 1540
— u[@]°uf1] +330u[0]%u[1]3+ u[@]3uf1] u[2] +682uf[1]3u[2] +1716u[@] ~u[1] u[2]?+
3 3
220
— u[0]*u[3] +1298u[@] u[1]2u[3] +990u[0]2u[2] u[3] +1320u[2]%u[3] +
3
979 u[1] u[3]%+616u[@]2u[1] u[4] +1562u[1l] ‘u[2] u[4] +880u[@] u[3] u[4d] +
242
— u[@]3u[5] +396u[1]%u[5] +616Uu[@] u[2] u[5] +286u[4] u[5] +286u[@] u[l] u[6] +
3
220u[3] <u[6] +44u[0]2u[7] +121u[2] ~u[7] +44u[1l] ~u[8] +11u[@] “u[9] +u[11]
In[141]:=
sym[7, uKKt[5]]
sym[9, uKKt[5]]
sym[11, uKKt[5]]
Out[141]=
28 s 35u[1]3
— u[@] u[l] + ———— +63Uu[0O] ~u[l] u[2] +
3 2
49
14u[0]2u[3] +42u[2] ~u[3] + —u[l] ~u[4] +7u[@] “uU[5]+u[7]
2
Out[142]=
)
Out[143]=
88 1870 3179
— u[@]°u[1] +495u[0]%u[1]®+ u[@]3uf[1] ‘u[2] + uf1]®u[2] +2871u[0] ‘u[1l]u[2]?+
3 3 2
220

— u[@]*u[3] +2123u[@] u[1]%u[3] +1320u[@]%u[2] ‘u[3] +2310u[2]%u[3] +
3

1771u[1] u[3]%+781u[0]%u[1] u[4] +

242
— u[@]3u[5] +726u[1]%u[5] +913u[@] ~u[2] u[5] +550u[4] u[5] +385u[@] u[l] u[6] +
3

385u[3] <u[6] +44u[0]2u[7] +187u[2] ~u[7] +

5 OnepaTop peKkypcmu ana Kad

R=D*-4uy-2u,D"!
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In[144]:=
R[f_] :=Expand[dx[f, 2] -4u[0O] f-2u[1] <int[f]]
Ut[1] = uKt[1]
Ut[3] =R[%]
Ut[5] =R[%]
Ut[7] =R[%]
Ut[9] =R[%]
Ut[11] =R[%]
Ut[13] =R[%]
Ut[15] = R[%]
Out[145]=
ufl]
Out[146]=
-6u[@] ‘u[l] +u[3]
out[147]=
3eu[0]2u[1] -20u[l] u[2] -10u[@] <u[3] +u[5]
Out[148]=
-140u[0]3u[1] +70u[1]®+280u[@] “u[1l] ‘u[2] +
7eu[0]2u[3] -70u([2] ~u[3] -42u[l] ~u[4] -14u[@] “u[5] +u[7]
out[149]=
630u[0]%u[1] -1260u[0] u[1]®>-2520u[@]%u[l] u[2] +1302u[1] u[2]%-
420u[@]3u[3] +966u[1]2u[3] +1260u[B] ~u[2] u[3] +756u[@] ~u[l] u[4] -
252 u[3] <u[4] +126u[0]2u[5] -168u[2] ~u[5] -72u[l] ~u[6] -18u[@] “u[7] +u[9]
Out[150]=
-2772u[@]°u[1] +13860u[0]%2u[1]3>+18480u[@]3u[l] u[2] -
14784 u[1]3u[2] -28644u[0] u[1] u[2]%+2310u[@]%u[3] -21252u[@] u[1]%u[3] -
13860 u[@]2u[2] u[3] +9702u[2]%u[3] +7194u[1] u[3]%-8316u[0]%u[l] u[4] +
11484 u[1] ~u[2] u[4] +5544u[@] u[3] u[4] -924u[@]>u[5] +2838u[1]%u[5] +
3696 uU[0@] <u[2] ~u[5] -924u[4] u[5] +1584u[@] ~u[l] u[6] -660OU[3] U[6] +
198u[0]2u[7] -330u[2] ~u[7] -110u[1] ~u[8] -22u[@] “u[9] +u[l]l]
out[151]=
12012 u[0]%u[1] -120120u[0]°u[1]>+300830u[1]° - 120120 u[B]%u[1] u[2] +
384384 u[0] u[1]®u[2] +372372u[@]%u[1] u[2]%-177320u[1] u[2]>-12012u[@]° U[3] +
276276 u[0]2u[1]%u[3] +120120u[@]3u[2] u[3] -392964u[1]2u[2] u[3] -
252252 u[@] u[2]%u[3] -187044u[@] u[1l] u[3]%+26598u[3]3+72072u[0]3u[1] u[4d] -
77220u[1]3u[4] -298584u[0] u[l] ~u[2] u[4] -72072u[@]2u[3] u[4] +
126984 u[2] u[3] u[4] +37466u[1] u[4]®+6006u[B]*u[5] -73788u[@] u[1]2u[5] -
48048 u[0]%u[2] uU[5] +42042u[2]%u[5] +62348u[1] u[3] u[5] +24024u[B] u[4] u[5] -
20592 u[@]%u[1] ~u[6] +35464u[1] uf2] uf6] +17160u[@] ~u[3] u[6] - 3432u[5] u[6] -
1716 u[0]3 u[7] +6578u[1] u[7] +8580U[@] ~u[2] u[7] -2574uf4] u[7] +2860u[@] u[l] u[8] -
1430 u[3] u[8] +286u[0]%U[9] -572u[2] ~u[9] -156u[1] ~u[1@] - 26u[B] ~u[11] +u[13]
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Out[152]=
-51480u[0]’ u[1]+900900u[0] ur1l? 900900u[0]u[1]5+720720u[0]5u[1] ur2] -
5765760 u[@]%u[1]3 u[2] -3723720u[0]3u[1] u[2] +4178460u[1]3u[2]2+
5319600 u[@] u[1l] u[2]®+60060 u[8]°u[3 ]—2762760u[0] 3ur112u(3] +1540110u[1]4u[3] -
900900 u[8]*u[2] u[3] +11788920u[0]u[ 12u[2] u[3] +3783780u[@]2u[2]%u[3] -
2279420u[2]3u[3] +2805660u[0]%u[1l] u[3 ] - 5045040 u[1] [ Ju[3]?-797940u[0] u[3]’-
540540 u[0]%u[1] u[4] +2316600u [0 ] [113u[4] +4478760u[8]2u[1] u[2] “u[4] -
4010292 u[1] u[2]2u[4] +720720u[0]>u[3] u[4] -2961816u[1]2u[3] u[4] -
3809520u[ ] -u[2] u[3] u[4]—1123980u[0] ufl] u[4]2+578006 u[3] u[4]? -
36036 U[@]°u[5] +1106820u[@]2u[1]%u[5] +480480u[@]>u[2] u[5] -1959672u[1]?u[2] ‘u[5] -
1261260 u[0] u[2]%u[5] -1870440u[@] ~u[l] ~u[3] u[5] +480194u[3]2u[5] -
360360 U[0]2u[4] U[5] +763620Uu[2] u[4] u[5] +187174u[1] u[5]%+205920u[@]>u[1] u[6] -
274560 u[1]3u[6] -1063920u[@] ~u[1l] u[2] U[6] - 257400 u[B]2u[3] Uu[6] +
543400 u[2] u[3] u[6] +320632u[1] u[4] u[6] +182960u[0] u[5] u[6] +
12870 u[8]%u[7] -197346 u[@] u[1]%u[7] - 128760 u[@]% u[2] ~u[7] +134766u[2]%u[7] +
199888 u[1] ~u[3] u[7] +77220u[@] ‘u[4] u[7] -12870u[6] u[7] -42900u[@]%u[l] u[8] +
88400 u[1] u[2] u[8] +42900u[@] u[3] Uu[8] -1@@10U[5] u[8] -2860u[@]>u[9] +
13130 u[1]%u[9] +17160u[0] ~u[2] " uU[9] -6006 U[4] u[9] +4680u[@] ~u[l] u[lO] -
2730u[3] u[10] +390u[8]2u[11] -910u[2] ~u[11] -210u[1] ~u[12] -3@u[@] ~u[13] +u[15]
Pe3yJ'H>TaTI>I COBITAAAIOT C MPECAbIAYIIINMU:

In[153]:=
Table[uKt[j] - Ut[j], {j, 1, 11, 2}]

Out[153]=

{0, 0,0, 0,0,0}



