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Ðåâèçèÿ àëãåáðû ñèììåòðèé

Äëÿ óðàâíåíèÿ ÊäÔ
ut = uxxx − 6uux,

ìû çíàåì áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ñèììåòðèé (un = ∂nx (u))

ut1 = ux ñäâèã ïî x

ut3 = (uxx − 3u2)x ñàìî ÊäÔ

ut5 = (u4 − 10uu2 − 5u21 + 10u3)x âûñøàÿ ñèìì. 5-ãî ïîðÿäêà

ut7 = (u6 − 14uu4 − 28u1u3 − 21u22

+ 70u2u2 + 70uu21 − 35u4)x âûñøàÿ ñèìì. 7-ãî ïîðÿäêà

. . . . . . . . . . . . . . . . . .

Å¼ ìîæíî ïîñòðîèòü ïðè ïîìîùè îïåðàòîðà ðåêóðñèè:

ut2n+1
= Rn(ux), n = 0, 1, 2, . . . , R = D2 − 4u− 2uxD

−1.

Ýòè ïîòîêè ïîïàðíî êîììóòèðóþò:

[Dti , Dtj ] = 0.
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Íóìåðàöèÿ ïîòîêîâ ñîãëàñîâàíà ñ îäíîðîäíîñòüþ îòíîñèòåëüíî âåñîâ

w(u) = 2, w(x) = −1, w(t) = −3 ⇒

w(∂x) = 1, w(∂t) = 3, w(un) = n+ 2, w(∂t2n+1
) = 2n+ 1.

Òàêæå, åñòü êëàññè÷åñêèå ñèììåòðèè Ãàëèëåÿ è ðàñòÿæåíèÿ:

uτ−2
= 3tux −

1

2
, uτ0 = R(uτ−2

) = 3t(uxx − 3u2)x + xux + 2u,

äëÿ êîòîðûõ

[Dτ−2
, Dt2n+1

] = (2n+ 1)Dt2n−1
, (ut−1

:= 0),

[Dτ0 , Dt2n+1
] = (2n+ 1)Dt2n+1

, [Dτ0 , Dτ−2
] = −2Dτ−2

.

Ïðè ýòîì ñ D = Dx = ∂x +Dt1 è Dt = ∂t +Dt3 ýòè äèôôåðåíöèðîâàíèÿ
êîììóòèðóþò:

[D,Dτ−2 ] = [D,Dτ0 ] = [Dt, Dτ−2 ] = [Dt, Dτ0 ] = 0.

Çàìå÷àíèå. Çäåñü íóæíà àêêóðàòíîñòü ñ îáîçíà÷åíèÿìè: õîòÿ ut1 = ux
è ut3 = ut, ýòî íå çíà÷èò, ÷òî x = t1 è t = t3.
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Âñ¼ ëè ýòî? Äðóãèõ ýâîëþöèîííûõ ñèììåòðèé äåéñòâèòåëüíî íåò. Íî,
àëãåáðó ñèììåòðèé ìîæíî ðàñøèðèòü, ðàñøèðèâ òàêæå ïðîñòðàíñòâî, íà
êîòîðîì îíè äåéñòâóþò. Äëÿ ýòîãî, ïîìèìî äèíàìè÷åñêèõ ïåðåìåííûõ
u0, u1, u2, . . . , ââîäÿòñÿ åù¼ íåêîòîðûå ïåðåìåííûå (íåëîêàëüíîñòè).

Ìîæíî ïðîäîëæèòü ïîñëåäîâàòåëüíîñòü Dτ2n :

uτ2n = Rn+1(uτ−2), n = 0, 1, 2, . . .

Ýòî äà¼ò íåàâòîíîìíûå, íåëîêàëüíûå è íåêîììóòèðóþùèå äðóã ñ äðóãîì
ñèììåòðèè. Â ÷àñòíîñòè, Dτ2 � ìàñòåð-ñèììåòðèÿ.

Òàêæå, ìîæíî ïðèìåíÿòü îòðèöàòåëüíûå ñòåïåíè R− µ, ÷òî äàåò òàê
íàçûâàåìûå íåãàòèâíûå ñèììåòðèè

uξ = (R− µ)−n(0), uη = (R− µ)−n(uτ0).

Ìû ðàññìîòðèì òîëüêî ïðîñòåéøèé âàðèàíò:

uz = (R− µ)−1(0).

Áëàãîäàðÿ íàëè÷èþ ïàðàìåòðà µ, óæå ýòîò ïðèìåð äîâîëüíî èíòåðåñåí.

Èìåÿ â çàïàñå ðàñøèðåííûå ïîòîêè, ìîæíî ñòðîèòü ñòðóííûå

óðàâíåíèÿ � íåàâòîíîìíûå ÎÄÓ Ïåíëåâå-òèïà, ñîâìåñòíûå ñ ÊäÔ.
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Íåãàòèâíàÿ ñèììåòðèÿ ÊäÔ

Ïóñòü
uz = (R− µ)−1(0), R = D2 − 4u− 2uxD

−1.

Óäîáíî ïåðåîáîçíà÷èòü ïàðàìåòð µ = −4α, ÷òî äà¼ò

(D2 − 4(u− α)− 2uxD
−1)(uz) = 0.

×òîáû ïðîèíòåãðèðîâàòü D−1(uz), ââåäåì íîâóþ íåëîêàëüíóþ
ïåðåìåííóþ q:

uz = qx, qxxx − 4(u− α)qx − 2uxq = 0.

Åñòü èíòåãðèðóþùèé ìíîæèòåëü 2q. Òàêæå, ìîæíî îïðåäåëèòü ïðàâèëî
äèôôåðåíöèðîâàíèÿ q ïî t, ÷òîáû áûëà ñîâìåñòíîñòü ñ ÊäÔ: òàê êàê
ut = hx, h = uxx − 3u2, òî

qt = hz = uzxx − 6uuz = qxxx − 6uqx.
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Â ðåçóëüòàòå, ïðèõîäèì ê ñëåäóþùåé íåëîêàëüíîé ñèììåòðèè.

Óðàâíåíèÿ (γ � ïîñòîÿííàÿ èíòåãðèðîâàíèÿ){
2qqxx − q2x − 4(u− α)q2 + 4γ = 0,

qt = qxxx − 6uqx
(1)

îïðåäåëÿþò êîððåêòíîå ðàñøèðåíèå óðàâíåíèÿ ÊäÔ ut = uxxx − 6uux íà
ïåðåìåííóþ q. Ïðè ýòîì ïîòîê

uz = qx (2)

ñëóæèò ñèììåòðèåé ÊäÔ, òî åñòü, [Dz, Dt] = 0.

Äëÿ äîêàçàòåëüñòâà íåîáõîäèìî òîëüêî ïðîâåðèòü, ÷òî ïðîèçâîäíàÿ
ïåðâîãî óðàâíåíèÿ (1) ïî t â ñèëó âòîðîãî åñòü òîæäåñòâî, òî åñòü,
ÿâëÿåòñÿ àëãåáðàè÷åñêèì ñëåäñòâèåì ýòîãî óðàâíåíèÿ è åãî ïðîèçâîäíûõ
ïî x. Ýòî ëåãêî ñäåëàòü ïðÿìûì âû÷èñëåíèåì.
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Óäîáíàÿ ôîðìà çàïèñè íåãàòèâíîé ñèììåòðèè ïîëó÷àåòñÿ ïðè ââåäåíèè
ïîòåíöèàëà:

2vx = u, 2vz = q.

Òîãäà ïîëó÷àåì äâà óðàâíåíèÿ íà îäíó ïåðåìåííóþ v âìåñòî ÷åòûð¼õ
óðàâíåíèé íà u è q.

vt = vxxx − 6v2x, (3)

2vzvxxz − v2xz − 4(2vx − α)v2z + γ = 0. (4)

Ñîâìåñòíîñòü óðàâíåíèé (3) è (4) âûòåêàåò èç òîæäåñòâà

Dt(F ) =

(
D2 − 3

vxz
vz
D + 3

v2xz
v2z
− 12vx

)
D(F ).

ãäå F � ëåâàÿ ÷àñòü (4).

Îòìåòèì, ÷òî, â ïðèíöèïå, óðàâíåíèå òèïà (4) ìîæíî âûïèñàòü ðàáîòàòü
è äëÿ u, èñêëþ÷èâ q èç (1), (2), íî îíî äîâîëüíî ãðîìîçäêîå:

4uz = Dx

(
uxz +

√
u2xz − 4(u− α)(u2z − 4γ)

u− α

)
.
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Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ âûñøèõ ñèììåòðèé

Íåãàòèâíàÿ ñèììåòðèÿ åñòü íè ÷òî èíîå, êàê ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ
âûñøèõ, ïðè ðàçëîæåíèè ïî ïàðàìåòðó:

uz = (R− µ)−1(0) = −µ−1(ut−1 + µ−1ut1 + · · ·+ µ−nRn(0) + . . . ).

Îòñþäà ïîëó÷àåì ñëåäóþùåå ñâîéñòâî.

Ñèììåòðèè ÊäÔ èìåþò âèä ut2n+1
= hn+1

x , ãäå hn � êîýôôèöèåíòû
ôîðìàëüíîãî ðÿäà

q = h0 + h1/µ+ h2/µ2 + . . . , h0 = −1/2,

óäîâëåòâîðÿþùåãî îïðåäåëÿþùåìó óðàâíåíèþ äëÿ íåãàòèâíîé ñèììåòðèè

2qqxx − q2x − (4u+ µ)q2 + µ/4 = 0. (5)
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Ôàêòè÷åñêè, ýòè ôîðìóëû íàì óæå õîðîøî çíàêîìû � ìû èìåëè ñ íèìè
äåëî íà ëåêöèè 5, ïðè âûâîäå îïåðàòîðà ðåêóðñèè èç ïðåäñòàâëåíèÿ
íóëåâîé êðèâèçíû, ïîëèíîìèàëüíîãî ïî ñïåêòðàëüíîìó ïàðàìåòðó
(µ = −4λ), è ïðè äîêàçàòåëüñòâå ëîêàëüíîñòè âûñøèõ ñèììåòðèé.

Óðàâíåíèå (5) ðàâíîñèëüíî ðåêóððåíòíûì ñîîòíîøåíèÿì

hi+1 =

i∑
s=0

(
hsxh

i−s
x − 2hshi−sxx + 4uhshi−s

)
+

i∑
s=1

hshi+1−s.

Êàê âèäèì, îäíà íåëîêàëüíàÿ ñèììåòðèÿ ïîðîæäàåò áåñêîíå÷íî ìíîãî
ëîêàëüíûõ.

Îòìåòèì äâà ñëåäñòâèÿ èç ýòîé èíòåðïðåòàöèè.
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Ïðåäñòàâëåíèå íóëåâîé êðèâèçíû äëÿ ñàìîé íåãàòèâíîé ñèììåòðèè.

Íàïîìíèì, ÷òî èåðàðõèÿ ÊäÔ ñëóæèò óñëîâèåì ñîâìåñòíîñòè äëÿ
ìàòðè÷íûõ óðàâíåíèé

Ψx = UΨ, Ψt2n+1 = V2n+1Ψ ⇒ Ut2n+1 = V2n+1,x + [V2n+1, U ],

ãäå U = V1 è âñå ìàòðèöû èìåþò îáùóþ ñòðóêòóðó

M(h) =

(
−hx 2h

2(u− λ)h− hxx hx

)
.

Â ÷àñòíîñòè,

U = V1 = M(1/2) =

(
0 1

u− λ 0

)
, V3 = M(−u− 2λ).

Ñóììèðîâàíèå ïðèâîäèò ê ñëåäóþùåìó îòâåòó:

Íåãàòèâíàÿ ñèììåòðèÿ (2) äîïóñêàåò ïðåäñòàâëåíèå íóëåâîé êðèâèçíû
Uz = Vx + [V,U ], ãäå

V = M
( q

4(α− λ)

)
.
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Êîììóòàòèâíîñòü âûñøèõ ñèììåòðèé ðàâíîñèëüíà êîììóòàòèâíîñòè
ïàðû íåãàòèâíûõ ñèììåòðèé, îòâå÷àþùèõ ïàðàìåòðàì µ1 è µ2:

[Dz1 , Dz2 ] = 0 ⇔ ∀ m,n [Dt2n+1
, Dt2m+1

] = 0.

Ïðàâäà, íå î÷åíü ïîíÿòíî, êàê âû÷èñëÿòü [Dz1 , Dz2 ], ïîñêîëüêó ýòî íå
ýâîëþöèîííûå äèôôåðåíöèðîâàíèÿ. Âîçíèêàåò âîïðîñ, êàê ïðîâåðèòü
êîììóòàòèâíîñòü íåçàâèñèìî, íå èñïîëüçóÿ ñâîéñòâà îïåðàòîðà ðåêóðñèè
è âûñøèõ ñèììåòðèé.

Çàáóäåì âîîáùå ïðî âûñøèå ñèììåòðèè: ïóñòü åñòü óðàâíåíèÿ âèäà

uxxzi = Fi(u, ux, uxx, uxxx, uzi , uxzi), i ∈ I, (6)

òðåáóåòñÿ îïðåäåëèòü, ÷òî îçíà÷àåò ñîâìåñòíîñòü äëÿ òàêèõ óðàâíåíèé.

Ñ ýòèì ìîæíî ðàçîáðàòüñÿ, åñëè ïðèâëå÷ü ïîíÿòèå 3D-ñîâìåñòíîñòè,
êîòîðîå íàì âñòðå÷àëîñü ïðè èçó÷åíèè ïðåîáðàçîâàíèé Áýêëóíäà.
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3D-cîâìåñòíîñòü êâàä-óðàâíåíèé

0 i

j ij

k ik

jk ijk

Äëÿ äèñêðåòíûõ óðàâíåíèé

vij = f(v, vi, vj ;α
i, αj),

ãäå vi îçíà÷àåò ñäâèã ïî êîîðäèíàòå ni:
vi = v(. . . , ni + 1, . . . ), ñîâìåñòíîñòü
ôîðìóëèðóåòñÿ íå äëÿ ïàðû óðàâíåíèé, à
äëÿ òðîéêè. Òðè ñïîñîáà âû÷èñëèòü vijk
ïî íà÷àëüíûì äàííûì v, vi, vj , vk äîëæíû
äàâàòü ñîâïàäàþùèå ðåçóëüòàòû:

vijk = f(vk, vik, vjk;αi, αj) = f(vj , vij , vjk;αi, αk) = f(vi, vij , vik;αj , αk).

Ïðèìåð. Ïðèíöèï ñóïåðïîçèöèè ÏÁ äëÿ pot-ÊäÔ:

vij = v+
αi − αj

vi − vj
⇒ vijk = − (αj − αi)vivj + (αk − αj)vjvk + (αi − αk)vkvi

(αj − αi)vk + (αk − αj)vi + (αi − αk)vj
.

Ýòî âûðàæåíèå íå ìåíÿåòñÿ ïðè ïåðåñòàíîâêàõ i, j, k.
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(αj − αi)vk + (αk − αj)vi + (αi − αk)vj
.

Ýòî âûðàæåíèå íå ìåíÿåòñÿ ïðè ïåðåñòàíîâêàõ i, j, k.
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3D-ñîâìåñòíîñòü ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ñëåäóþùàÿ òðîéêà 3D-ñîâìåñòíà:

uxy = sinhu
√

1 + u2x,

uyz = coshu
√

1 + u2z,

uxz =
√

1 + u2x
√

1 + u2z.

Ïåðåêð¼ñòíûå ïðîèçâîäíûå äëÿ êàæäîé ïàðû óðàâíåíèé ñîâïàäàþò, ïðè
óñëîâèè, ÷òî âûïîëíÿåòñÿ òðåòüå. Íàïðèìåð, äëÿ ïåðâûõ äâóõ:

(uxy)z − (uxz)y = (uxz −
√

1 + u2x
√

1 + u2z)

(
uz coshu√

1 + u2z
− ux sinhu√

1 + u2x

)
,

÷òî îáðàùàåòñÿ â 0 â ñèëó òðåòüåãî óðàâíåíèÿ. Àíàëîãè÷íî è äëÿ äðóãèõ
ïàð: êàæäîå óðàâíåíèå òðîéêè âîññòàíàâëèâàåòñÿ ïî äâóì äðóãèì, åñëè â
ðàâåíñòâå äëÿ ïåðåêð¼ñòíûõ ïðîèçâîäíûõ îòáðàñûâàòü ìíîæèòåëè ñ
ìëàäøèìè ïðîèçâîäíûìè.
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Èçâåñòíî ìíîãî ãèïåðáîëè÷åñêèõ óðàâíåíèé, ñëóæàùèõ ñèììåòðèÿìè äëÿ
ýâîëþöèîííûõ (íàïð. ñèíóñ-Ãîðäîí � ñèììåòðèÿ äëÿ pot-ìÊäÔ).

Íî, â íèõ íåò ïàðàìåòðîâ α. Òàêèå óðàâíåíèÿ ìîæíî ñ÷èòàòü
âûðîæäåííûì ñëó÷àåì íåãàòèâíîé ñèììåòðèè. Ïî-âèäèìîìó, ñîâìåñòíûå
òðîéêè ãèïåðáîëè÷åñêèõ óðàâíåíèé � ýòî èñêëþ÷åíèÿ.

Äëÿ íåãàòèâíûõ ñèììåòðèé ñ ïàðàìåòðîì âñå â ïîðÿäêå, ïîýòîìó ìîæíî
îïðåäåëèòü ñîâìåñòíîñòü ìåæäó ðàçíûìè êîïèÿìè, íî îïðåäåëåíèå
íåìíîãî óñëîæíÿåòñÿ.
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3D-cîâìåñòíîñòü íåãàòèâíûõ ñèììåòðèé

Îïðåäåëåíèå. Óðàâíåíèÿ

uxxzi = Fi(u, ux, uxx, uxxx, uzi , uxzi), i ∈ I, (7)

3D-ñîâìåñòíû, åñëè èõ ìîæíî äîïîëíèòü óðàâíåíèÿìè

uzizj = Gij(u, ux, uxx, uzi , uxzi , uzj , uxzj ), i 6= j, (8)

òàêèìè, ÷òî Gij = Gji è, äëÿ ïîïàðíî ðàçëè÷íûõ i, j, k ∈ I,

Dzi(Fj) = Dzj (Fi) = D2
x(Gij), (9)

Dzi(Gjk) = Dzj (Gik) = Dzk(Gij), (10)

òîæäåñòâåííî â ñèëó (7), (8) è äèôôåðåíöèàëüíûõ ñëåäñòâèé
uxxxzi = Dx(Fi), uxzizj = Dx(Gij).

Îòñþäà ñëåäóåò ñîâïàäåíèå ëþáûõ ïåðåêð¼ñòíûõ ïðîèçâîäíûõ, ÷òî
ãàðàíòèðóåò ñóùåñòâîâàíèå ëîêàëüíûõ ðåøåíèé îáùåãî âèäà,
óäîâëåòâîðÿþùèõ îäíîâðåìåííî âñåìó íàáîðó óðàâíåíèé.
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Êîíñòðóêòèâíî ëè ýòî îïðåäåëåíèå? Óðàâíåíèÿ (8) çàðàíåå íå èçâåñòíû,
íî èõ ìîæíî âîññòàíîâèòü ïðÿìûì âû÷èñëåíèåì � åñëè îíè ñóùåñòâóþò.

Ïåðâûé øàã:

0 = Dzi(Fj)−Dzj (Fi) = Pij(u, ux, uxx, uxxx, uzi , uxzi , uzj , uxzj , uzizj , uxzizj ),

ãäå â ïðàâîé ÷àñòè ïðîèçâîäíûå òèïà uxxxz è uxxz èñêëþ÷åíû èç (7).
Ðàçðåøàÿ ýòî óðàâíåíèå îòíîñèòåëüíî uxzizj , ïîëó÷àåì

uxzizj = Hij(u, ux, uxx, uxxx, uzi , uxzi , uzj , uxzj , uzizj ). (11)

Ýòî äîëæíî áûòü ñëåäñòâèåì (8), ÷òîáû ñîâìåñòíîñòü èìåëà ìåñòî.

Âòîðîé øàã:

0 = Dx(Hij)−Dzj (Fi) = Qij(u, ux, uxx, uxxx, uxxxx, uzi , uxzi , uzj , uxzj , uzizj ),

ãäå èñêëþ÷àþòñÿ uxxxz, uxxz è uxzizj . Ðàçðåøàÿ îòíîñèòåëüíî uzizj ,
ïîëó÷àåì èñêîìîå óðàâíåíèå (8).

Ïîñëå ýòîãî îñòà¼òñÿ òîëüêî ïðîâåðèòü ðàâåíñòâà Dx(Gij) = Hij è
Dzi(Gjk) = Dzj (Gik).
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Pot-KdV

Âåðíåìñÿ ê íàøåìó ïðèìåðó.

Ñëåäóþùèå óðàâíåíèÿ 3D-ñîâìåñòíû:

vxxzi =
v2xzi − γi

2vzi
+ 2(2vx − αi)vzi , (12)

vzizj =
vzivxzj − vzjvxzi

αi − αj
, αi 6= αj . (13)

Ïðîäåìîíñòðèðóåì âûâîä äîïîëíèòåëüíûõ óðàâíåíèé (13). Íà ïåðâîì
øàãå, ðàâåíñòâî (vxxzi)zj = (vxxzj )zi äà¼ò

vxzizj =

(
2(αi − αj)vzivzj +

γjvzi
2vzj

−
γivzj
2vzi

)
vzizj

vzjvxzi − vzivxzj

+
1

2

(
vxzi
vzi

+
vxzj
vzj

)
vzizj + 4vzivzj .

(14)
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Íà âòîðîì øàãå, óñëîâèå (vxzizj )x = (vxxzi)zj ïðèâîäèò ê
ôàêòîðèçîâàííîìó óðàâíåíèþ

((αi − αj)vzizj + vzjvxzi − vzivxzj )×

×
(v2ziv

2
xzj − v

2
zjv

2
xzi − 4(αi − αj)v2ziv

2
zj + γiv

2
zj − γjv

2
zi)

(vzjvxzi − vzivxzj )2
= 0.

Ïðèðàâíèâàÿ ïåðâûé ìíîæèòåëü íóëþ, ïîëó÷àåì (13).

Äàëåå, ïðîâåðÿåì, ÷òî ðàâåíñòâî (vzizj )x = vxzizj âûïîëíÿåòñÿ
òîæäåñòâåííî. Äèôôåðåíöèðîâàíèå (13) ïî x äà¼ò

vxzizj = 2vzivzj +
1

2(αi − αj)

(
vzi
vzj

(v2xzj − γj)−
vzj
vzi

(v2xzi − γi)
)
. (15)

Ýòî ñîâïàäàåò ñ (14) ïðè çàìåíå vzizj â ñèëó (13), òî åñòü (14) ÿâëÿåòñÿ
ñëåäñòâèåì (13) è (12).

Íàêîíåö, íà çàêëþ÷èòåëüíîì ýòàïå ïðîâåðÿåì âûïîëíåíèå òîæäåñòâ (10),
òî åñòü (vzizj )zk = (vzizk)zj , ÷òî çàâåðøàåò äîêàçàòåëüñòâî
3D-cîâìåñòíîñòè.
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Çàìå÷àíèå. Óðàâíåíèå (13)

vzizj =
vzivxzj − vzjvxzi

αi − αj
, αi 6= αj

� ýòî ñàìîñòîÿòåëüíîå òðåõìåðíîå èíòåãðèðóåìîå óðàâíåíèå (Àëîíñî,
Øàáàò 2002). Ìîæíî ïðîâåðèòü, ÷òî äëÿ íåãî âûïîëíÿåòñÿ òîæäåñòâî

(vzizj )zk = (vzizk)zj .

Óðàâíåíèÿ (12) ïðè ýòîì íå èñïîëüçóþòñÿ, îíè ëèøü îïðåäåëÿþò 2D
ðåäóêöèþ ýòîãî 3D-óðàâíåíèÿ, ñîõðàíÿþùóþ ñâîéñòâî ñîâìåñòíîñòè.

Îäíàêî, â îáùåì ñëó÷àå, â îïðåäåëåíèè 3D-ñîâìåñòíîñòè íå òðåáóåòñÿ,
÷òîáû òîæäåñòâà (10) âûïîëíÿëèñü áåç ó÷¼òà (7).
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Åùå îäèí ïðèìåð: Schwarzian-KdV

Îïåðàòîð ðåêóðñèè:

R = D2
x −

2uxx
ux

Dx +
uxxx
ux
− u2xx

u2x
− uxD−1

x ·
(
uxxxx
u2x

− 4uxxuxxx
u3x

+
3u3xx
u4x

)
Ñèììåòðèè:

ut0 = ux, ut = R(ux) = uxxx −
3u2xx
2ux

, . . .

Íåãàòèâíûå ñèììåòðèè R(uzi) = 4αiuzi :

uxxzi =
u2xzi − γiu

2
x

2uzi
+
uxxuxzi
ux

+ 2αiuzi (16)

3D-ñîâìåñòíîñòü: äîïîëíèòåëüíûå óðàâíåíèÿ

uzizj =
αiuziuxzj − αjuzjuxzi

(αi − αj)ux
, αi 6= αj
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Óðàâíåíèå ÊäÔ íå èìååò ãèïåðáîëè÷åñêèõ ñèììåòðèé, òî åñòü,
ïðîñòåéøàÿ ÍÑ äëÿ íåãî èìååò âèä uxxz = . . .

Â îòëè÷èå îò íåãî, Schwarzian-KdV ñîâìåñòíî ñ íåñêîëüêèìè
ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè:

uxz = 2ux
√
uz,

uxz = 2uux,

uxz =
2uuxuz
u2 + 1

.

Èç íèõ ïåðâîå îïðåäåëÿåò ñïåöèàëüíûå ðåøåíèÿ (16) ïðè α = γ = 0, à äâà
äðóãèõ èìåþò êàêîå-òî äðóãîå ïðîèñõîæäåíèå.
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Ìàñòåð-ñèììåòðèÿ ÊäÔ

Ïåðåéäåì ê íåàâòîíîìíûì ñèììåòðèÿì. Ïðèìåíÿÿ îïåðàòîð ðåêóðñèè
R = D2 − 4u− 2uxD

−1 ê ñêåéëèíãó

uτ0 = 3tut + xux + 2u,

ïîëó÷àåì, êàê íåòðóäíî âû÷èñëèòü, ïîòîê

uτ2 = 3tut5 + x(u3 − 6uu1) + 4u2 − 8u2 − 2u1D
−1(u).

Çäåñü D−1(u) � íîâàÿ ïåðåìåííàÿ, òàêàÿ, ÷òî D(D−1(u)) = u. Îòñþäà
îïðåäåëÿþòñÿ ïðàâèëà å¼ äèôôåðåíöèðîâàíèÿ ïî t2n+1:

ut2n+1
= D(h2n) ⇒ Dt2n+1

(D−1(u)) = h2n,

ãäå h2n � îäíîðîäíûé ìíîãî÷ëåí âåñà 2n. Â ðåçóëüòàòå, îïðåäåëåíû
êîììóòàòîðû [Dτ2 , Dt2n+1 ].

Èõ ìîæíî íàéòè áåç âû÷èñëåíèé, èñïîëüçóÿ ñâîéñòâî, ÷òî îïåðàòîð
ðåêóðñèè ïåðåâîäèò ñèììåòðèè â ñèììåòðèè. Òîãäà [Dτ2 , Dt] = 0, ÷òî
ýêâèâàëåíòíî

[Dτ2 , Dt3 ] = 3Dt5 .
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Òî÷íî òàê æå íàõîäÿòñÿ äðóãèå êîììóòàòîðû:

[Dτ2 , Dt3 ] = 3Dt5 , [Dτ2 , Dt5 ] = 5Dt7 , [Dτ2 , Dt7 ] = 7Dt9 , . . .

Òàêèì îáðàçîì, êîììóòèðîâàíèå ñ Dτ2 ïîñëåäîâàòåëüíî ïîðîæäàåò âñþ
èåðàðõèþ âûñøèõ ñèììåòðèé. Ïðè ýòîì ÷ëåí 3tut5 ìîæíî âûêèíóòü (òàê
êàê çäåñü t � ïîñòîÿííûé ïàðàìåòð), òî åñòü, òàêèì æå ñîîòíîøåíèÿì
óäîâëåòâîðÿåò è äèôôåðåíöèðîâàíèå

uτ = x(u3 − 6uu1) + 4u2 − 8u2 − 2u1D
−1(u).

Èíà÷å ãîâîðÿ, adDτ ìîæíî èñïîëüçîâàòü âìåñòî îïåðàòîðà ðåêóðñèè.
Òàêèå äèôôåðåíöèðîâàíèÿ íàçûâàþò ìàñòåð-ñèììåòðèÿìè.

Â êà÷åñòâå óïðàæíåíèÿ, âû÷èñëèì íåïîñðåäñòâåííî (òî åñòü, áåç
èñïîëüçîâàíèÿ ñâîéñòâà, ÷òî R ïåðåâîäèò ñèììåòðèè â ñèììåòðèè), ÷åìó
ðàâíû [Dτ , Dt1 ] è [Dτ , Dt3 ].

Â.Ý. Àäëåð Êëàññè÷åñêèå èíòåãðèðóåìûå ñèñòåìû Ëåêöèÿ 13 · 29 àïðåëÿ 2024 24 / 33



Âû÷èñëÿåì [Dτ , Dt1 ]:

[Dτ , Dt1 ](u) = Dτ (u1)−Dt1(uτ )

= D
(
x(u3 − 6uu1) + 4u2 − 8u2 − 2u1D

−1(u)
)

− x(u3 − 6uu1)t1 − (4u2 − 8u2 − 2u1D
−1(u))t1

= u3 − 6uu1 = ut3 .

×òîáû âû÷èñëèòü [Dτ , Dt3 ], óäîáíî ïðåäñòàâèòü uτ â âèäå

uτ = x(u3 − 6uu1) + 4u2 − 8u2 − 2u1D
−1(u)

= D
(
x(u2 − 3u2) + 3u1 − 2uD−1(u)− 3D−1(u2)

)
= D(g).

Òîãäà

[Dτ , Dt3 ](u) = Dτ (D(u2 − 3u2))−Dt3(D(g))

= D(Dτ (u2 − 3u2)−Dt3(g)) = D(h).

Âû÷èñëÿåì h:
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h = (D2 − 6u)(uτ )− g∗(u3 − 6uu1)

= (D2 − 6u)
(
x(u3 − 6uu1) + 4u2 − 8u2 − 2u1D

−1(u)
)

−
(
x(D2 − 6u) + 3D − 2D−1(u)− 2uD−1 − 6D−1u

)
(u3 − 6uu1)

// [D2 − 6u, x] = 2D

= 2D(u3 − 6uu1) + (D2 − 6u)
(
4u2 − 8u2 − 2u1D

−1(u)
)

−
(
3D − 2D−1(u)− 2uD−1 − 6D−1u

)
(u3 − 6uu1)

= −u4 + 6uu2 + 6u21 + 4u4 − 16uu2 − 16u21 − 2u3D
−1(u)− 4u2u− 2u21

− 6u(4u2 − 8u2) + 12uu1D
−1(u) + 2D−1(u)(u3 − 6uu1)

+ 2uD−1(u3 − 6uu1) + 6D−1(uu3 − 6u2u1)

= 3u4 − 38uu2 − 12u21 + 48u3 + 2u(u2 − 3u2) + 6(uu2 − 1
2u

2
1 − 2u3)

= 3(u4 − 10uu2 − 5u21 + 10u3).

Èòàê, äåéñòâèòåëüíî

[Dτ , Dt1 ](u) = ut3 , [Dτ , Dt3 ](u) = 3D(u4 − 10uu2 − 5u21 + 10u3) = 3ut5 .
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Âûñøèå íåàâòîíîìíûå ñèììåòðèè

Äàëüíåéøåå ïðèìåíåíèå R äà¼ò äèôôåðåíöèðîâàíèÿ

uτ4 = 3tut7 + xut5 + . . . , uτ6 = 3tut9 + xut7 + . . . , . . .

ãäå ìíîãîòî÷èå îáîçíà÷àåò ìëàäøèå ÷ëåíû, ñîäåðæàùèå, â òîì ÷èñëå,
íåëîêàëüíîñòè âèäà D−1(ρj), ãäå ρj � ïëîòíîñòè çàêîíîâ ñîõðàíåíèÿ äëÿ
ÊäÔ (÷åì äàëüøå, òåì áîëüøå òàêèõ íåëîêàëüíîñòåé ïðèõîäèòñÿ
ââîäèòü). Äëÿ íèõ îïðåäåëåíû ïðàâèëà äèôôåðåíöèðîâàíèÿ ïî tj .

Ïî ïðåæíåìó, âñå ýòè ïîòîêè êîììóòèðóþò ñ Dt:

[Dτ2n , Dt] = 0,

à äëÿ áàçèñíûõ äèôôåðåíöèðîâàíèé ïîëó÷àåòñÿ òàêàÿ àëãåáðà
(m,n ≥ −1, Dt−1 := 0)

[Dt2n+1
, Dt2m+1

] = 0, [Dτ2n , Dt2m+1
] = (2m+ 1)Dt2m+2n+1

,

[Dτ2n , Dτ2m ] = 2(m− n)Dτ2m+2n
.
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Ñòàöèîíàðíûå óðàâíåíèÿ

Èòàê, ó íàñ åñòü ñëåäóþùèå ñèììåòðèè:

(ut−1
= 0)

R−→ (ut1 = ux)
R−→ ut3

R−→ ut5
R−→ . . . ,

(uτ−2 = 3tux − 1
2 )

R−→ uτ0
R−→ uτ2

R−→ . . .

Ñòàöèîíàðíîå óðàâíåíèå äëÿ ëþáîé ñèììåòðèè îïðåäåëÿåò íåêîòîðóþ
êîíå÷íîìåðíóþ ðåäóêöèþ (ÎÄÓ):

A(R)(0) +B(R)(3tux − 1
2 ) = 0, (17)

ãäå A è B � ìíîãî÷ëåíû (ñ ïîñòîÿííûìè êîýôôèöèåíòàìè) îò îïåðàòîðà
ðåêóðñèè.

Åñëè B = 0, òî ýòî óðàâíåíèÿ Íîâèêîâà, èíòåãðèðóåìûå ïî Ëèóâèëëþ
(êîíå÷íîçîííûå ðåøåíèÿ).
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Åñëè B 6= 0, òî ýòî �ñòðóííûå� óðàâíåíèÿ òèïà Ïåíëåâå. Èõ èññëåäîâàíèå
äî ñèõ ïîð ÿâëÿåòñÿ îòêðûòîé çàäà÷åé.

Êëàññè÷åñêèå ðåäóêöèè (ïðåäûäóùàÿ ëåêöèÿ):

ut3 + uτ−2 = 0 −→ uξξ = 6u2 + ξ P1

uτ0 = 0 −→ fξξ = 2f3 + ξf + α P2

Â ëèòåðàòóðå òàêæå èçó÷àþòñÿ èõ âûñøèå àíàëîãè:

Pn1 : ut2n+1
+ uτ−2

= 0, Pn2 : ut2n+1
+ uτ0 = 0,

òî åñòü, óðàâíåíèå (17) ñ B(R) = 1 èëè B(R) = R.

Ó ýòèõ óðàâíåíèé åñòü ñïåöèàëüíûå ðåøåíèÿ ñ íåñòàíäàðòíîé
àñèìïòîòèêîé, âàæíûå ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé, õîòÿ
âûäåëèòü èõ èç ðåøåíèé îáùåãî âèäà êðàéíå íåïðîñòî.
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Â ÷àñòíîñòè, óðàâíåíèå P2
1

uxxxx − 10uuxx − 5u2x + 10u3 + 6tu+ x = 0

ñîäåðæèò åäèíñòâåííîå ðåøåíèå ñ àñèìïòîòèêîé 10u3 + 6tu+ x = 0,
x→ ±∞, êîòîðîå äàåò òî÷íîå ðåøåíèå â çàäà÷å Ãóðåâè÷à�Ïèòàåâñêîãî îá
îïðîêèäûâàíèè ôðîíòà óäàðíîé âîëíû.

A.V. Gurevich, L.P. Pitaevskii. JETP Lett. 17:5 (1973) 193�195; Sov. Phys.-JETP

38:2 (1974) 291�297.
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Ñëó÷àé, êîãäà B èìååò ñòåïåíü âûøå 1, èçó÷åí ïëîõî, òàê
ñîîòâåòñòâóþùèå uτ2n íåëîêàëüíû. Îäíàêî, ìîæíî ïåðåéòè îò (17) ê
óðàâíåíèþ

(B−1A)(R)(ux) + uτ−2 = 0.

Â ñëó÷àå îáùåãî ïîëîæåíèÿ (B áåç êðàòíûõ êîðíåé), ðàçëîæåíèå íà
ïðîñòûå äðîáè äà¼ò ñòàöèîíàð äëÿ ñóììû âûñøèõ ñèììåòðèé,
íåãàòèâíûõ è êëàññè÷åñêîé

Ã(R)(0) +

n∑
i=1

ci(R− µi)−1(0) + uτ−2
= 0.

Âñå íåëîêàëüíîñòè ïåðåìåùàþòñÿ â íåãàòèâíûå ñèììåòðèè è
çàïèñûâàþòñÿ åäèíîîáðàçíî ïðè ëþáîì n.
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n-êîìïîíåíòíûé àíàëîã P34

Â ÷àñòíîñòè, ïóñòü degA ≤ degB = n, B = (R+ 4α1) · · · (R+ 4αn),
αi 6= αj , òîãäà óðàâíåíèå (17) ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå (ïðè
n = 1 âîçâðàùàåìñÿ ê àâòîìîäåëüíîé ðåäóêöèè).

qj,xx =
q2j,x − β2

j

2qj
+ 2(u− αj)qj , j = 1, . . . , n,

u :=
x

6t
+

1

3t
(q1 + · · ·+ qn);

qj,t = 2uxqj − 2(u+ 2αj)qj,x.

Âåêòîðíûå ïîëÿ Dx è Dt íà ïåðåìåííûõ q1, . . . , qn, q1,x, . . . , qn,x,
îïðåäåëÿåìûå ýòèìè óðàâíåíèÿìè, êîììóòèðóþò, è ïåðåìåííàÿ u
óäîâëåòâîðÿåò ÊäÔ â ñèëó ýòèõ ñèñòåì.
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Ïðè n = 2 â ýòîé ñèñòåìå ìîæíî ÷èñëåííî âûäåëèòü ðåøåíèÿ äëÿ äðóãîé
çàäà÷è Ãóðåâè÷à�Ïèòàåâñêîãî, î ðàñïàäå ñòóïåíüêè, òî åñòü, ðåøåíèÿ
ÊäÔ, âûõîäÿùèå íà ðàçíûå êîíñòàíòû ïðè x→ ±∞.
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