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Ïëàí

VL (Volterra lattice)

u̇n = un(un+1 − un−1), un = un(t), t ∈ R, n ∈ Z

Íåïðåðûâíûé ïðåäåë ê ÊäÔ

×èñëåííûå ýêñïåðèìåíòû

Äèñêðåòíîå ïðåîáðàçîâàíèå Ìèóðû

Çàêîíû ñîõðàíåíèÿ è ñèììåòðèè

VL êàê ïðåîáðàçîâàíèå Áýêëóíäà

Ïðåîáðàçîâàíèå Áýêëóíäà äëÿ VL
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Èñòîðèÿ

Âîëüòåððà ïðèìåíÿë, äëÿ îïèñàíèÿ äèíàìèêè áèîëîãè÷åñêèõ ïîïóëÿöèé,
ñèñòåìû áîëåå îáùåãî âèäà:

u̇n = un

N∑
k=1

ankuk, n = 1, . . . , N.

Çíàêè êîýôôèöèåíòîâ ank îòâå÷àþò çà òî, êòî êåì ïèòàåòñÿ (çíàìåíèòàÿ
ìîäåëü ¾õèùíèêè-æåðòâû¿). Öåïî÷êà VL ýòî î÷åíü ñïåöèàëüíûé ñëó÷àé,
îòâå÷àþùèé ñèòóàöèè, êîãäà ó êàæäîãî âèäà èìååòñÿ ðîâíî îäèí
èñòî÷íèê ïèùè, ïðè÷åì âñå êîýôôèöèåíòû óñâîÿåìîñòè îäèíàêîâûå.
Êîíå÷íî, â ïðèðîäå òàêîå òðóäíî ïðåäñòàâèòü.

Àíàëîãè÷íûå ñèñòåìû ïðèìåíÿþòñÿ â õèìè÷åñêîé êèíåòèêå (â ýòîì
ñëó÷àå un � êîíöåíòðàöèÿ îäíîãî èç ðåàãåíòîâ). Â îáùåì ñëó÷àå, ïðè
ïðîèçâîëüíûõ êîýôôèöèåíòàõ, ýòî íåèíòåãðèðóåìàÿ ñèñòåìà.

V. Volterra. Lecons sur la theorie mathematique de la luttre pour la vie. Paris:
Gauthier-Villars, 1931.
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Â êîíöå 60-õ öåïî÷êà VL áûëà âûâåäåíà ïðè îïèñàíèè èîííûõ âîëí â
ïëàçìå. Å¼ èíòåãðèðóåìîñòü, â ñìûñëå òåîðèè ñîëèòîíîâ, áûëà
îáíàðóæåíà â íà÷àëå 70-õ. Ñ òåõ ïîð îíà ÿâëÿåòñÿ îäíîé èç íàèáîëåå
ïîïóëÿðíûõ èíòåãðèðóåìûõ ìîäåëåé.

V.E. Zakharov, S.L. Musher, A.M. Rubenchik. Î íåëèíåéíîé ñòàäèè
ïàðàìåòðè÷åñêîãî âîçáóæäåíèÿ âîëí â ïëàçìå. JETP Lett. 19:5 (1974)
249�253.

Ñ.Â. Ìàíàêîâ. Î ïîëíîé èíòåãðèðóåìîñòè è ñòîõàñòèçàöèè â äèñêðåòíûõ
äèíàìè÷åñêèõ ñèñòåìàõ JETP 67 (1974) 543�555.

M. Kac, P. van Moerbeke. On an explicitly soluble system of nonlinear
di�erential equations related to certain Toda lattices. Adv. in Math. 16:2

(1975) 160�169.

M. Toda. Vibration of a chain with nonlinear interaction. J. Phys. Soc. Jpn.
20 (1967) 431�436.

Íåêîòîðûå äðóãèå èíòåãðèðóåìûå ýâîëþöèîííûå öåïî÷êè:

ìîäèôèöèðîâàííàÿ VL

v̇n = vn(vn − α)(vn+1 − vn−1),

öåïî÷êà Òîäû
q̈n = eqn+1−qn − eqn−qn−1 .
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×èñëî ñîñåäíèõ ïåðåìåííûõ â óðàâíåíèè ñëóæèò àíàëîãîì ïîðÿäêà ïî
ïðîèçâîäíûì.

Èíòåðåñíûì îòëè÷èåì îò íåïðåðûâíîãî ñëó÷àÿ ÿâëÿåòñÿ òî, ÷òî
íåêîòîðûå öåïî÷êè äîïóñêàþò èíòåãðèðóåìûå îáîáùåíèÿ ñ ëþáûì
÷èñëîì ñîñåäåé. Òèïè÷íûé ïðèìåð � öåïî÷êè Áîãîÿâëåíñêîãî (èíîãäà èõ
íàçûâàþò ¾ãîëîäíûå öåïî÷êè Âîëüòåððû¿), ãäå k ≥ 1 � ïðîèçâîëüíîå
öåëîå:

u̇n = un(un+k + · · ·+ un+1 − un−1 − · · · − un−k),

u̇n = un(un+k · · ·un+1 − un−1 · · ·un−k),

u̇n = un(un − α)(un+k · · ·un+1 − un−1 · · ·un−k)

(ïðè÷åì âñå îíè â íåïðåðûâíîì ïðåäåëå äàþò ÊäÔ, ïðè ëþáîì k).

O.I. Bogoyavlensky. Integrable discretizations of the KdV equation. Phys. Lett.
A 134:1 (1988) 34�38.
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Íåïðåðûâíûé ïðåäåë VL ê ÊäÔ

Ïåðåìåííàÿ n ìîæåò ñëóæèòü àíàëîãîì íåïðåðûâíîãî x. Çàäàäèì
íà÷àëüíûå äàííûå ïëàâíîé êðèâîé. Äëÿ ïðîñòîòû ïðîãðàììèðîâàíèÿ,
çàìêíåì ðåøåòêó ñ áîëüøèì ïåðèîäîì.

Ïîëó÷àåòñÿ ñèñòåìà ÎÄÓ áîëüøîé ðàçìåðíîñòè, íî ïðîñòîé ñòðóêòóðû.
Îíà ëåãêî ðåøàåòñÿ ÷èñëåííî ñòàíäàðòíûìè ñîëâåðàìè.
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Ðåøåíèå ïîõîæå íà ýêñïåðèìåíò Çàáóñêè�Êðàñêàëà (ëåêöèÿ 1). ×èñëî
ñîëèòîíîâ çàâèñèò îò íà÷àëüíîé êðèâîé, îíè ðàñïðîñòðàíÿþòñÿ ñ ðàçíîé
ñêîðîñòüþ è, áëàãîäàðÿ ïåðèîäè÷åñêîìó çàìûêàíèþ, âñ¼ âðåìÿ äîãîíÿþò
äðóã äðóãà. Ñòðîãî ãîâîðÿ, ýòî íå ¾÷èñòîå¿ ìíîãîñîëèòîííîå ðåøåíèå, íî
äîñòàòî÷íî õîðîøåå ïðèáëèæåíèå ê íåìó.

Ïîêàæåì, ÷òî VL äîïóñêàåò íåïðåðûâíûé ïðåäåë ê ÊäÔ. Ïîëîæèì

un(t) = a+ bh2U(X,T ), X = nh+ cht, T = dh3t, (1)

ãäå U � ãëàäêàÿ ôóíêöèÿ, h � øàã ïî ðåøåòêå (ìàëûé ïàðàìåòð),
a, b, c, d � íåêîòîðûå êîíñòàíòû, êîòîðûå íóæíî ïîäîáðàòü. Òîãäà

u̇n = bh3(cUX + dh2UT ),

un±1 = a+ bh2
(
U ± hUX +

h2

2
UXX ±

h3

6
UXXX +

h4

24
UXXXX +O(h5)

)
.

Ïîäñòàâëÿÿ â óðàâíåíèå è ñîêðàùàÿ íà bh3, ïîëó÷èì

cUX + dh2UT = (a+ bh2U)
(

2UX +
h2

3
UXXX +O(h4)

)
= 2aUX +

h2

3
(aUXXX + 6bUUX) +O(h4).

Ïðè c = 2a, d = a/3, b = a ïîëó÷àåòñÿ ÊäÔ ñ òî÷íîñòüþ äî O(h2).
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Òàêèì îáðàçîì, öåïî÷êà Âîëüòåððû ñëóæèò äèñêðåòèçàöèåé ÊäÔ.
Îäíàêî, ýòèì å¼ ñîäåðæàíèå íå èñ÷åðïûâàåòñÿ. Â îòëè÷èå îò
íåèíòåãðèðóåìîé ñõåìû Çàáóñêè�Êðàñêàëà, öåïî÷êà Âîëüòåððû �
ñàìîñòîÿòåëüíîå èíòåãðèðóåìîå óðàâíåíèå. Ó íå¼ åñòü âñ¼, ÷òî ïîëîæåíî:

çàêîíû ñîõðàíåíèÿ,

âûñøèå ñèììåòðèè,

ïðåäñòàâëåíèå Ëàêñà,

òî÷íûå ìíîãîñîëèòîííûå è êîíå÷íîçîííûå ðåøåíèÿ.

Âîîáùå, àáñîëþòíî âñå êîíñòðóêöèè, êîòîðûå ìû èçó÷èëè íà ïðèìåðå
ÊäÔ, ðàáîòàþò è çäåñü, mutatis mutandis.

Â òî æå âðåìÿ, åñòü è îòëè÷èÿ.

Íàïðèìåð, çàìåòèì, ÷òî VL äîïóñêàåò ñòàöèîíàðíîå ðåøåíèå âèäà
u2n = a, u2n+1 = b ñ ðàçíûìè ïîñòîÿííûìè a è b. Åñëè íåìíîãî âîçìóòèòü
åãî, îòäåëüíî äëÿ ÷¼òíûõ è íå÷¼òíûõ ïåðåìåííûõ, òî ýòè ïåðåìåííûå òàê
è îñòàíóòñÿ ðàçäåë¼ííûìè. Â ÊäÔ òàêîå íåâîçìîæíî.
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ÄÇ: ïîäîáðàòü íåïðåðûâíûé ïðåäåë, îòâå÷àþùèé òàêîìó ðåæèìó
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Ïðåîáðàçîâàíèå òèïà Ìèóðû

Óòâåðæäåíèå 1. Ïóñòü fn � ðåøåíèå ìîäèôèöèðîâàííîé öåïî÷êè
Âîëüòåððû (mVL)

ḟn = fn(fn − α)(fn+1 − fn−1). (2)

Òîãäà êàæäàÿ èç ñëåäóþùèõ ïåðåìåííûõ óäîâëåòâîðÿåò VL:

un = fn(fn+1 − α), ũn = (fn − α)fn+1. (3)

Çàìåíó ìîæíî ëèíåàðèçîâàòü. Ïîëîæèì fn = φn/φn−1 è ïîäñòàâèì â
ïåðâîå óðàâíåíèå (3):

un =
φn
φn−1

· φn+1

φn
− α φn

φn−1
⇒ φn+1 = αφn + unφn−1.

Ýòà æå çàìåíà ïðèâîäèò è ñàìó öåïî÷êó (2) ê ëèíåéíîìó óðàâíåíèþ íà
φ. Çàìåòèì, ÷òî ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ fn � ïîëíàÿ ðàçíîñòü:

ḟn
fn

= (fn − α)(fn+1 − fn−1) = (T − 1)(fn−1fn − αfn − αfn−1),

ãäå T : n 7→ n+ 1 � îïåðàòîð ñäâèãà ïî ðåø¼òêå.
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Çàìå÷àíèå. Îïåðàòîðû ïîëíîé ðàçíîñòè è ñäâèãà

∆ = T − 1, T : un 7→ un+1

èãðàþò äëÿ öåïî÷åê òó æå ðîëü, ÷òî ïðîèçâîäíàÿ Dx â íåïðåðûâíîì
ñëó÷àå. Äåéñòâèå T çàêëþ÷àåòñÿ ïðîñòî â ïðèáàâëåíèè 1 êî âñåì
èíäåêñàì â âûðàæåíèè, íàïðèìåð,

T (u2nun−1 + 2u3n) = u2n+1un + 2u3n+1.

Ñ äðóãîé ñòîðîíû, òàê êàê

ḟn
fn

= (T − 1)
(φn−1,t
φn−1

)
,

òî èìååì

φn,t
φn

= fnfn+1 − αfn+1 − αfn + C = un − αfn+1 + C = un − α
φn+1

φn
+ C,

ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà (ÿäðî îïåðàòîðà T − 1).

Â ðåçóëüòàòå, ïðèøëè ê ïàðå ëèíåéíûõ óðàâíåíèé

φn+1 = αφn + unφn−1, φn,t = (un + C)φn − αφn+1.
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Ïåðâîå èç íèõ � äèñêðåòíûé àíàëîã óðàâíåíèÿ Øðåäèíãåðà, ñî
ñïåêòðàëüíûì ïàðàìåòðîì α. Âòîðîå çàäà¼ò ýâîëþöèþ ïî t. Ìîæíî
ïðîâåðèòü, ÷òî óñëîâèå ñîâìåñòíîñòè ýòîé ïàðû â òî÷íîñòè ýêâèâàëåíòíî
VL. Êîíñòàíòó ìîæíî âûáèðàòü ïðîèçâîëüíî, ñ ó÷åòîì êàëèáðîâî÷íûõ
çàìåí φn → γneδtφn. Äëÿ äàëüíåéøåãî, ïðèìåì ñëåäóþùóþ êàëèáðîâêó.

Óòâåðæäåíèå 2. VL ýêâèâàëåíòíà óñëîâèþ ñîâìåñòíîñòè ëèíåéíûõ
óðàâíåíèé

ψn+1 + unψn−1 = λψn, ψn,t =
(λ2

2
+ un − 1

)
ψn − λunψn−1, (4)

Ýòè óðàâíåíèÿ ìîæíî çàïèñàòü òàêæå â âèäå äèñêðåòíîãî ïðåäñòàâëåíèÿ
íóëåâîé êðèâèçíû:

Ψn+1 = LnΨn, Ψn,t = UnΨn ⇒ Ln,t = Un+1Ln − LnUn,

ãäå

Ψn =

(
ψn−1
ψn

)
, Ln =

(
0 1
−un λ

)
,

Un =

(
−λ2/2 + un−1 − 1 λ

−λun λ2/2 + un − 1

)
.
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Çàêîíû ñîõðàíåíèÿ

Äëÿ ýâîëþöèîííûõ öåïî÷åê, çàêîí ñîõðàíåíèÿ îïðåäåëÿåòñÿ, ïî àíàëîãèè
ñ íåïðåðûâíûì ñëó÷àåì, êàê ïàðà ôóíêöèé ρ è σ òàêèõ, ÷òî âûïîëíÿåòñÿ
ñîîòíîøåíèå

Dt(ρ) = ∆(σ) = (T − 1)(σ).

Ðîëü ñîõðàíÿþùåãîñÿ ôóíêöèîíàëà
∫
R ρ dx ïåðåõîäèò ê ñóììå

S[ρ] =
∑
j

T j(ρ)

ïî âñåì j ∈ Z, ÷òî èìååò ñìûñë, åñëè ðÿä ñõîäèòñÿ. Äëÿ ýòîãî, êîíå÷íî,
íóæíî ñëåäèòü çà ãðàíè÷íûìè óñëîâèÿìè. Íàïðèìåð, åñëè ρ ýòî
ìíîãî÷ëåí, òî ìîæíî ïîòðåáîâàòü óñëîâèÿ áûñòðîóáûâàíèÿ un.

Ãîäèòñÿ òàêæå ïåðèîäè÷åñêîå çàìûêàíèå un+N = un, â ýòîì ñëó÷àå ñóììà
áåðåòñÿ ïî ïåðèîäó Z/NZ. Â îáîèõ ñëó÷àÿõ, ïðè äèôôåðåíöèðîâàíèè
ïîëó÷àåì 0 â ñèëó òåëåñêîïè÷åñêîãî ñîêðàùåíèÿ ïðàâîé ÷àñòè:

Dt(S[ρ]) =
∑
j

(T j+1(σ)− T j(σ)) = 0.
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Äëÿ VL ëåãêî óâèäåòü ïàðó ç.ñ.:

Dt(log un) = un+1 − un−1 = (T − T−1)(un) = (T − 1)(1 + T−1)(un)

= (T − 1)(un + un−1),

Dt(un) = un(un+1 − un−1) = (T − 1)(un+1un).

Çàìåòèì, ÷òî, êàê ìû âèäåëè èç ÷èñëåííûõ ýêñïåðèìåíòîâ, äëÿ VL
åñòåñòâåííûå ãðàíè÷íûå óñëîâèÿ (íà áåñêîíå÷íîì èíòåðâàëå) ýòî

un → c 6= 0, n→ ±∞,

ïîýòîìó, äëÿ ñõîäèìîñòè, ïëîòíîñòè ñëåäóåò ðåãóëÿðèçîâàòü:

ρ0 = log(un/c), ρ1 = un − c.

Ïðè ôîðìàëüíûõ âû÷èñëåíèÿõ ýòî íå ñóùåñòâåííî.
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Óòâåðæäåíèå 3. VL îáëàäàåò áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòüþ ç.ñ..

Äëÿ äîêàçàòåëüñòâà ïðèìåíèì òîò æå òðþê, ÷òî è äëÿ ÊäÔ: îáðàùåíèå
ïðåîáðàçîâàíèÿ Ìèóðû. Çàìåíèì α íà ñïåêòðàëüíûé ïàðàìåòð z è
ïîñòðîèì ðåøåíèå óðàâíåíèÿ

un = fn(fn+1 − z)

â âèäå ðÿäà

fn = −un
z

(1 + Fn), Fn =
F

(1)
n

z2
+
F

(2)
n

z4
+ . . . .

Èìååì

1 =

(
1 +

F
(1)
n

z2
+
F

(2)
n

z4
+ . . .

)(
1 +

un+1

z2
+
un+1F

(1)
n+1

z4
+
un+1F

(2)
n+1

z6
+ . . .

)
,

îòêóäà ïîëó÷àåì ðåêóððåíòíûå ñîîòíîøåíèÿ

F (0)
n := 1, F (k)

n = −un+1

(
F (0)
n F

(k−1)
n+1 + · · ·+ F (k−1)

n F
(0)
n+1

)
, k = 1, 2, . . . .

Â ðåçóëüòàòå, ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ

F (k)
n = F (k)(un+1, . . . , un+k).
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Â ñëó÷àå ÊäÔ ýòî óæå äàâàëî îòâåò, òàê êàê òàì ïåðåìåííàÿ f áûëà
ïëîòíîñòüþ çàêîíà ñîõðàíåíèÿ äëÿ ìÊäÔ ft = (fxx − 2f3 + 6αf)x.

Äëÿ mVL ïëîòíîñòüþ ÿâëÿåòñÿ íå ñàìà fn, à ëîãàðèôì îò íåå (êàê ìû
óæå âèäåëè ïðè ëèíåàðèçàöèè):

ḟn
fn

= (fn − z)(fn+1 − fn−1) = (T − 1)(fn−1fn − zfn − zfn−1).

Ïîýòîìó, íóæíî ñäåëàòü åù¼ äîïîëíèòåëüíîå ïåðåðàçëîæåíèå:

log fn + log(−z)− log un = log(1 + Fn)

= Fn −
F 2
n

2
+
F 3
n

3
− F 4

n

4
+ · · · = −T (ρ(1))

z2
+
T (ρ(2))

z4
− T (ρ(3))

z6
+ . . . .

Â ðåçóëüòàòå, ïîëó÷àåì ïëîòíîñòè

ρ(0) = log un,

ρ(1) = un,

ρ(2) = un+1un +
1

2
u2n,

ρ(3) = un+2un+1un + u2n+1un + un+1u
2
n +

1

3
u3n, . . .
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Âûñøèå ñèììåòðèè

Óòâåðæäåíèå 4. VL îáëàäàåò áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòüþ
âûñøèõ ñèììåòðèé.

Ïîëíîå äîêàçàòåëüñòâî ïðîïóñòèì. Ñõåìà òàêàÿ æå, êàê â íåïðåðûâíîì
ñëó÷àå: ñèììåòðèè âûâîäÿòñÿ èç ïðåäñòàâëåíèÿ íóëåâîé êðèâèçíû ñ
ìàòðèöåé Un, ïîëèíîìèàëüíîé ïî λ. Âñå êîýôôèöèåíòû ðåêóððåíòíî
âû÷èñëÿþòñÿ. Â ðåçóëüòàòå âîçíèêàåò îïåðàòîð ðåêóðñèè

R = un + un(un+1T
2 − un−1T−1)(T − 1)−1

1

un
,

êîòîðûé ïîçâîëÿåò ñòðîèòü ñèììåòðèè ïî ôîðìóëå

un,tj+1
= R(un,tj ),

íà÷èíàÿ ñ un,t1 = un(un+1 − un−1). Ïðîñòåéøàÿ ñèììåòðèÿ èìååò âèä

un,t2 = un(T − T−1)(unh
(2)
n ), h(2)n = un+1 + un + un−1.
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Ìîæíî äîêàçàòü, ÷òî è îñòàëüíûå ñèììåòðèè èìåþò òàêóþ æå ñòðóêòóðó:

un,tj = un(T − T−1)(unh
(j)
n ),

ãäå h
(j)
n � ìíîãî÷ëåí îò un−j+1, . . . , un+j−1, ïðè÷åì îêàçûâàåòñÿ, ÷òî îí

âûðàæàåòñÿ ÷åðåç âàðèàöèîííóþ ïðîèçâîäíóþ ïëîòíîñòè ç.ñ.:

h(j)n =
δρ(j)

δun
=
∑
k

T k
(
∂ρ(j)

∂un−k

)
.

Àíàëîãè÷íîå ñâîéñòâî äëÿ ÊäÔ âûãëÿäåëî òàê:

utj = Dx

(
δρ(j)

δu

)
,

ãäå âàðèàöèîííàÿ ïðîèçâîäíàÿ (èëè îïåðàòîð Ýéëåðà) îïðåäåëÿåòñÿ
ðàâåíñòâîì

δf

δu
=
∑
k

(−Dx)k
(
∂f

∂uk

)
.
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Ìíîãîñîëèòîííîå ðåøåíèå

Îïèøåì êðàòêî äèñêðåòíûé àíàëîã êîíñòðóêöèè ïîòåíöèàëîâ Áàðãìàííà
(ñì. Ëåêöèþ 3). Ñòàðòóåì ñ ëèíåéíûõ óðàâíåíèé

ψn+1 + unψn−1 = λψn, ψn,t =
(λ2

2
+ un − 1

)
ψn − λunψn−1

è ñ÷èòàåì, ÷òî
λ = z + z−1, un → 1, n→∞.

Ïðè un ≡ 1 èìååòñÿ ïàðà ëèíåéíî íåçàâèñèìûõ ðåøåíèé

ψn(t, z) = z−n exp

(
z−2 − z2

2
t

)
è ψn(t, z−1) = zn exp

(
z2 − z−2

2
t

)
.

Â îáùåì ñëó÷àå îïðåäåëÿåì ðåøåíèå (ôóíêöèþ Áåéêåðà�Àõèåçåðà)
óìíîæàÿ ýòî çàòðàâî÷íîå ðåøåíèå íà ðÿä ïî z2 (òî åñòü, ñòðîèì
êâàçèêëàññè÷åñêîå ïðèáëèæåíèå âíóòðè êðóãà |z| < 1):

ψn(t, z) = z−n exp

(
z−2 − z2

2
t

)
Pn(t, z),

Pn(t, z) = 1 + p(1)n z2 + · · ·+ p(N)
n z2N + . . . .
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Ýòîò ðÿä óäîâëåòâîðÿåò óðàâíåíèÿì

Pn+1 − Pn = z2(Pn − unPn−1),

òî åñòü, êîýôôèöèåíòû âû÷èñëÿþòñÿ ïî ðåêóððåíòíûì ôîðìóëàì

(T − 1)p(1)n = 1− un, (T − 1)p(k)n = (1− unT−1)p(k−1)n .

Îòñþäà âèäíî, ÷òî âîçìîæåí ïîëèíîìèàëüíûé îáðûâ p
(k)
n = 0 ïðè k > N .

Ðàññìîòðèì ¾âðîíñêèàí¿ ïàðû ïðîèçâîëüíûõ ïñè-ôóíêöèé

wn(t, z) = gn(ψn+1ψ̃n − ψnψ̃n+1),

ãäå gn � íå çàâèñÿùèé îò z êàëèáðîâî÷íûé ìíîæèòåëü, òàêîé, ÷òî
un = gn−1/gn. Ìîæíî ïðîâåðèòü, ÷òî wn � ïîñòîÿííàÿ:

wn+1 = wn, Dt(wn) = 0 ⇒ wn(t, z) = w(z).

Â êà÷åñòâå âòîðîãî ðåøåíèÿ ïðèìåì ψ̃n = ψn(z−1). Òîãäà

w(z) = −w(z−1) = const(z − z−1)

N∏
j=1

(1− αjz2)(1− αjz−2).
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Â òî÷êàõ z =
√
αj ôóíêöèè ψn è ψ̃n ëèíåéíî çàâèñèìû, ïðè÷¼ì

êîýôôèöèåíòû ïðîïîðöèîíàëüíîñòè íå çàâèñÿò îò t, ñîãëàñíî
ñîîòíîøåíèþ

ψn,tψ̃n − ψnψ̃n,t = (z + z−1)fnwn ⇒ Dt

(
ψ̃n
ψn

)∣∣∣∣
z=αj

= 0.

Â ðåçóëüòàòå, ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

e(α
−1
j −αj)t

(
1 + p(1)n αj + · · ·+ p(N)

n αNj
)

=

= (−1)N+1−jcjα
n
j

(
1 + p(1)n α−1j + · · ·+ p(N)

n α−Nj
)
, j = 1, . . . , N.

Ðåøàÿ åå, ïîëó÷àåì ñëåäóþùèé îòâåò.

Óòâåðæäåíèå 3. VL îáëàäàåò ðåøåíèÿìè âèäà un = 1− p(1)n+1 + p
(1)
n , ãäå

p(1)n = −det

m
1,0
n m1,2

n . . . m1,N
n

...
...

...
mN,0
n mN,2

n . . . mN,N
n

/ det

m
1,1
n m1,2

n . . . m1,N
n

...
...

...
mN,1
n mN,2

n . . . mN,N
n

 ,

mj,k
n = αkj + (−1)N−jcjα

n−k
j e(α

−1
j −αj)t.
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Êàê è â ñëó÷àå ÊäÔ, íåîáõîäèìî óòî÷íÿòü, êàê âûáèðàòü êîíñòàíòû,
÷òîáû ðåøåíèå áûëî ðåãóëÿðíûì. Ïóñòü 0 < α1 < α2 < · · · < αN < 1,
òîãäà íóëè z =

√
αj ëåæàò âíóòðè åäèíè÷íîé îêðóæíîñòè è îòâå÷àþò

äèñêðåòíîìó ñïåêòðó. Ìîæíî ïîêàçàòü, ïîäñ÷èòûâàÿ ÷èñëà ïåðåìåí
çíàêà ψ-ôóíêöèé, ÷òî ðåãóëÿðíûì ðåøåíèÿì îòâå÷àþò cj > 0.
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Ñîëèòîí

Â ïðîñòåéøåì ñëó÷àå, ïðè N = 1 ïðèõîäèì, ïîñëå ïåðåîáîçíà÷åíèé, ê
ðåøåíèþ

un(t) =
wn−2wn+1

wn−1wn
, wn = 1 + an exp((a− a−1)t+ d). (5)

-30 -20 -10 10 20 30
n

1.

1.05

1.1

u

Îòìåòèì, ÷òî îíî èìååò âèä
áåãóùåé âîëíû. Îäíàêî, åñëè èñêàòü
òàêèå ðåøåíèÿ ïðÿìîé ïîäñòàíîâêîé

un(t) = y(τ), τ = t+ nh,

òî íà y âîçíèêàåò íå ÎÄÓ, à ÄÓ ñ
îòêëîíÿþùèìñÿ àðãóìåíòîì,

y′(τ) = y(τ)(y(τ + h)− y(τ − h)),

êîòîðîå íå î÷åíü-òî ÿñíî, êàê
ðåøàòü...
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Àëüòåðíàòèâíûé ñïîñîá äà¼ò ñòàöèîíàðíîå óðàâíåíèå äëÿ ñóììû ïîòîêîâ
VL è å¼ ñëåäóþùåé ñèììåòðèè

un(un+1(un+2+un+1+un)−un−1(un+un−1+un−2))+Aun(un+1−un−1) = 0.

Ýòî àíàëîã óðàâíåíèÿ Íîâèêîâà äëÿ ÊäÔ. Åãî ïîðÿäîê ïîíèæàåòñÿ äî
âòîðîãî (òî åñòü, íà òð¼õ ñîñåäíèõ òî÷êàõ):

Fn = un(un+1 + un + un−1) +Aun +B + C(−1)n = 0.

Ìîæíî ïðîâåðèòü, ÷òî äèôôåðåíöèðîâàíèå ýòîé ñâÿçè ïî t äà¼ò
òîæäåñòâî, â ñèëó íå¼ ñàìîé:

Ḟn = un(Fn+1 − Fn−1) = 0.

Èç óñëîâèÿ un → 1 ñëåäóåò, ÷òî A+B + 3 = 0, C = 0.

Ìîæíî ïðîâåðèòü, ÷òî (5) óäîâëåòâîðÿåò ýòîé ñâÿçè, ïðè B = a+ 1 + a−1.

Â.Ý. Àäëåð Êëàññè÷åñêèå èíòåãðèðóåìûå ñèñòåìû Ëåêöèÿ 9 · 4 àïðåëÿ 2024 24 / 29



Ïðåîáðàçîâàíèå Áýêëóíäà äëÿ VL

Êàê è â ñëó÷àå ÊäÔ, íàëè÷èå ïàðû ïðåîáðàçîâàíèé Ìèóðû ïîçâîëÿåò
ïîñòðîèòü ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé Áýêëóíäà � îäåâàþùóþ
öåïî÷êó. Òåïåðü ýòî ïîëíîñòüþ äèñêðåòíîå óðàâíåíèå:

f j+1
n (f j+1

n+1 − αj+1) = (f jn − αj)f
j
n+1.

Åå ìîæíî èñïîëüçîâàòü äëÿ ïîñòðîåíèÿ N -ñîëèòîííîãî ðåøåíèÿ, ïî òîé
æå ñõåìå, ÷òî è â íåïðåðûâíîì ñëó÷àå, ñòàðòóÿ ñ ïîñòîÿííîãî
çàòðàâî÷íîãî ðåøåíèÿ.
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VL êàê ïðåîáðàçîâàíèå Áýêëóíäà

Ðàññìîòðèì ïðîñòåéøóþ âûñøóþ ñèììåòðèþ VL. Â å¼ ïðàâîé ÷àñòè
ñîäåðæàòñÿ áîëåå äàë¼êèå ñîñåäè ïî ðåøåòêå (÷èñëî ñîñåäåé èãðàåò ðîëü
ïîðÿäêà ïî ïðîèçâîäíûì äëÿ íåïðåðûâíûõ óðàâíåíèé).

un,T = un(un+1(un+2 + un+1 + un)− un−1(un + un−1 + un−2)). (6)

Êàê îáû÷íî, ýòî îçíà÷àåò, ÷òî âåêòîðíûå ïîëÿ ∂t è ∂T êîììóòèðóþò, ÷òî
ïîçâîëÿåò ñòðîèòü èõ îáùåå ðåøåíèå un(t, T ) êàê ôóíêöèþ îò òðåõ
ïåðåìåííûõ, äèñêðåòíîé è äâóõ íåïðåðûâíûõ.

Çàôèêñèðóåì ëþáîé íîìåð n è çàìåòèì, ÷òî âñå ïåðåìåííûå un+k ìîãóò
áûòü ÿâíî âûðàæåíû ÷åðåç äâå ñîñåäíèå ïåðåìåííûå

(u, v) = (un, un+1)

è èõ ïðîèçâîäíûå ïî t, ïîñêîëüêó VL ìîæíî ïåðåïèñàòü â âèäå

un−1 = un+1 −
un,t
un

, un+2 = un +
un+1,t

un+1
.
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Çàìåíèì, ïðè ïîìîùè ýòèõ ôîðìóë, ñäâèãè íà ïðîèçâîäíûå â ñèììåòðèè
(6). Òîãäà äëÿ u è v ïîëó÷àåòñÿ ýâîëþöèîííàÿ ñèñòåìà

uT = −utt + (u2 + 2uv)t, vT = vtt + (v2 + 2uv)t. (7)

Òàê êàê n ïðîèçâîëüíî, ýòîé ñèñòåìå óäîâëåòâîðÿåò ëþáàÿ ïàðà ñîñåäåé,
â òîì ÷èñëå (ũ, ṽ) = (un+1, un+2).

Ïåðåõîä îò (u, v) = (un, un+1) ê (ũ, ṽ) = (un+1, un+2) çàäà¼òñÿ
ïðåîáðàçîâàíèåì

ũ = v, ṽ = u+
vt
v
, (8)

ïåðåâîäÿùèì ëþáîå ðåøåíèå (ñ v 6= 0) ñèñòåìû (7) â ðåøåíèå ýòîé æå
ñèñòåìû. Ýòî ÿâíàÿ è îáðàòèìàÿ äèôôåðåíöèàëüíàÿ ïîäñòàíîâêà,
ïðîñòåéøèé òèï ïðåîáðàçîâàíèÿ Áýêëóíäà.

Â ýòèõ ôîðìóëàõ äèñêðåòíàÿ ïåðåìåííàÿ èíòåðïðåòèðóåòñÿ íå êàê àíàëîã
íåïðåðûâíîé, à ïðîñòî êàê íîìåð, ñ÷¼ò÷èê íåêîòîðûõ îòîáðàæåíèé.

D. Levi. Nonlinear di�erential di�erence equations as B�acklund
transformations. J. Phys. A 14:5 (1981) 1083�1098.
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Äîìàøíåå çàäàíèå

9.1 Âûøå áûëî ÷èñëåííî ïðîèëëþñòðèðîâàíî, ÷òî VL äîïóñêàåò ðåæèì
ñ ðàçäåëåíèåì ïåðåìåííûõ íà ÷¼òíûå è íå÷¼òíûå íîìåðà. Ïóñòü u2n = pn,
u2n+1 = qn, òîãäà VL ïåðåïèøåòñÿ â âèäå äâóõêîìïîíåíòíîé öåïî÷êè

pn,t = pn(qn − qn−1), qn,t = qn(pn+1 − pn).

Ïîïðîáóéòå ïîäîáðàòü ôîðìóëû, àíàëîãè÷íûå (1), ñâîäÿùèå ýòó öåïî÷êó
â íåïðåðûâíîì ïðåäåëå ê íåêîòîðîé ýâîëþöèîííîé ñèñòåìå íà äâå
ïîëåâûå ïåðåìåííûå P (X,T ), Q(X,T ). (Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî
ýòî áóäåò ñèñòåìà Ëåâè èëè êàêàÿ-òî áëèçêàÿ ê íåé.)

9.2 Öåïî÷êà Òîäû èìååò âèä (çàìåíèëè çäåñü t íà x)

qn,xx = eqn+1−qn − eqn−qn−1 .

Ïðîâåðüòå, ÷òî îíà îáëàäàåò ñèììåòðèåé

qn,t = q2n,x + eqn+1−qn + eqn−qn−1 ,

òî åñòü, âûïîëíÿåòñÿ òîæäåñòâî (qn,xx)t = (qn,t)xx.
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Ïîêàæèòå, ÷òî â ñèëó ýòèõ äâóõ öåïî÷åê ïåðåìåííûå u = eqn è v = e−qn−1

óäîâëåòâîðÿþò íåëèíåéíîìó óðàâíåíèþ Øð¼äèíãåðà

ut = uxx + 2u2v, −vt = vxx + 2uv2.

Ïåðåïèøèòå ñäâèã (qn−1, qn) 7→ (qn, qn+1) â öåïî÷êå Òîäû êàê
ïðåîáðàçîâàíèå Áýêëóíäà (u, v) 7→ (ũ, ṽ) äëÿ ýòîé ñèñòåìû.

9.3 Ïðîâåðüòå, ÷òî ñëåäóþùèå ôîðìóëû îïðåäåëÿþò ñâÿçü ìåæäó
öåïî÷êîé Òîäû è VL (ñ x âìåñòî t):

u2n+1 + u2n+2 = yn = qn,x, u2nu2n+1 = zn = eqn−qn−1 .

Âûïèøèòå óðàâíåíèÿ, êîòîðûì óäîâëåòâîðÿþò ïðîìåæóòî÷íûå
ïåðåìåííûå yn, zn.

Çàìå÷àíèå. Â äàííîì ïðèìåðå ïðåîáðàçîâàíèå óñòðîåíî ïî ñõåìå
u→ (y, z)← q, ïîýòîìó ñîîòâåòñòâèå ìåæäó u è q íåÿâíîå â îáå ñòîðîíû.
Òàêèå ïðåîáðàçîâàíèÿ òîæå íàçûâàþò ïðåîáðàçîâàíèÿìè Áýêëóíäà, òî
åñòü, ÏÁ ìîæåò áûòü è ìåæäó ðàçíûìè óðàâíåíèÿìè, íå îáÿçàòåëüíî
ìåæäó îäèíàêîâûìè.
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