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S- è C-èíòåãðèðóåìîñòü

Ìåòîäû èíòåãðèðîâàíèÿ óðàâíåíèé ÊäÔ, ÍÓØ, ñèíóñ-Ãîðäîíà è ìíîãèõ
äðóãèõ îñíîâàíû íà òîì, ÷òî ýòè óðàâíåíèÿ ñëóæàò óñëîâèåì
ñîâìåñòíîñòè äëÿ ïàðû âñïîìîãàòåëüíûõ ëèíåéíûõ óðàâíåíèé. Îòñþäà
èçâëåêàþòñÿ:

� çàêîíû ñîõðàíåíèÿ,
� ñèììåòðèè,
� êîíå÷íîìåðíûå ðåäóêöèè äëÿ ïîñòðîåíèÿ êîíå÷íîçîííûõ ðåøåíèé è èõ
âûðîæäåíèé (ñîëèòîíû, ðàöèîíàëüíûå ðåøåíèÿ),
� äàííûå ðàññåÿíèÿ è èõ ýâîëþöèÿ äëÿ ðåøåíèÿ çàäà÷è Êîøè (ñ
ïîäõîäÿùèìè ãðàíè÷íûìè óñëîâèÿìè òèïà áûñòðîóáûâàíèÿ).

Íåëèíåéíûå óðàâíåíèÿ òàêîãî òèïà èíîãäà íàçûâàþò S-èíòåãðèðóåìûìè
(îò ñëîâà scattering, òî åñòü, èíòåãðèðóåìûå ïðè ïîìîùè ìåòîäà îáðàòíîé
çàäà÷è ðàññåÿíèÿ.

Åñòü è áîëåå ïðîñòîé êëàññ óðàâíåíèé, êîòîðûé ñâÿçàí ñ ëèíåéíûìè
óðàâíåíèÿìè áîëåå íåïîñðåäñòâåííî � ïðè ïîìîùè ïîäñòàíîâîê è çàìåí
ïåðåìåííûõ. Óðàâíåíèÿ òàêîãî òèïà íàçûâàþò C-èíòåãðèðóåìûìè (îò
ñëîâà change).
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Óðàâíåíèå Áþðãåðñà

Ïðîñòåéøèé C-èíòåãðèðóåìûé ïðèìåð � óðàâíåíèå Áþðãåðñà

ut = uxx + 2uux. (1)

Îíî ëèíåàðèçóåòñÿ ïîäñòàíîâêîé Êîóëà�Õîïôà:

u = ψx/ψ, ψt = ψxx.

Ëþáîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè äà¼ò ðåøåíèå óðàâíåíèÿ
(1). Âûñøèå ñèììåòðèè ïîëó÷àþòñÿ èç óðàâíåíèé

ψtn = ∂nx (ψ),

ïðè òîé æå çàìåíå. Çàìåíà ψ → u ÿâëÿåòñÿ êîìïîçèöèåé òî÷å÷íîãî
ïðåîáðàçîâàíèÿ è ââåäåíèÿ ïîòåíöèàëà:

ψ = exp v, vx = u.

Â ðåçóëüòàòå òî÷å÷íîé çàìåíû ïîëó÷àåì ïîñëåäîâàòåëüíîñòü
êîììóòèðóþùèõ ïîòîêîâ

vtn = (Dx + v1)n(1) = Yn(v1, . . . , vn), vj = ∂jx(v), n = 0, 1, 2, . . . .
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Îïåðàòîð Dx + v1 èãðàåò äëÿ ýòèõ óðàâíåíèé ðîëü îïåðàòîðà ðåêóðñèè.

Òàê êàê ïðàâûå ÷àñòè óðàâíåíèé íå ñîäåðæàò v0, òî ìîæíî ñäåëàòü
ïîäñòàíîâêó u = v1, ÷òî è ïðèâîäèò ê èåðàðõèè Áþðãåðñà

utn = Dx(Yn(u0, . . . , un−1)), n = 1, 2, . . . .

Îòìåòèì, ÷òî Yn � ýòî ìíîãî÷ëåíû Áåëëà

Y0 = 1

Y1 = v1

Y2 = v2 + v21

Y3 = v3 + 3v1v2 + v31

Y4 = v4 + 4v1v3 + 3v22 + 6v21v2 + v41

Y5 = v5 + 5v1v4 + 10v2v3 + 10v21v3 + 15v1v
2
2 + 10v31v2 + v51

êîòîðûå ïðèìåíÿþòñÿ â ìàòàíàëèçå (ôîðìóëà Ôàà äè Áðóíî) è
êîìáèíàòîðèêå (ðàçáèåíèÿ ìíîæåñòâ).
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Óðàâíåíèå Èáðàãèìîâà�Øàáàòà

Áîëåå ñëîæíûé ïðèìåð, ñâÿçàííûé ñ ñèììåòðèåé óðàâíåíèÿ
òåïëîïðîâîäíîñòè òðåòüåãî ïîðÿäêà:

ut = uxxx + 3u2uxx + 9uu2x + 3u4ux.

Çäåñü ïîñëåäîâàòåëüíîñòü çàìåí õèòðåå, îíà íåÿâíàÿ â îáå ñòîðîíû:

ψt = ψxxx ut = uxxx + 3u2uxx + 9uu2x + 3u4ux

l ψ2 = s l u2 = v

st = Dx

(
sxx −

3s2x
4s

)
vt = Dx

(
vxx −

3v2x
4v

+ 3vvx + v3
)

↑ s = qx ↑ v = wx

qt = qxxx −
3q2xx
4qx

q=e2w

←−−→ wt = wxxx −
3w2

xx

4wx
+ 3wxwxx + w3

x

Âûñøèå ñèììåòðèè ïîëó÷àþòñÿ ýòèìè æå çàìåíàìè èç óðàâíåíèé
íå÷¼òíîãî ïîðÿäêà ψt2m+1 = ψ2m+1 (÷¼òíûå íå ãîäÿòñÿ: st2m íå
çàïèñûâàåòñÿ êàê ïîëíàÿ ïðîèçâîäíàÿ, ïîýòîìó ïîäñòàíîâêà s = qx íå
ïðîõîäèò).
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Óðàâíåíèå Ëèóâèëëÿ

Ðàññìîòðèì óðàâíåíèå (Ëèóâèëëü, 1853)

uxy = eu. (2)

Ýòî ïðîñòåéøèé è, â òî æå âðåìÿ, òèïè÷íûé ïðèìåð C-èíòåãðèðóåìîãî
óðàâíåíèÿ. Îíî îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.

Ëèíåàðèçóåìîñòü: åñëè ψ(x, y) � ðåøåíèå óðàâíåíèÿ ψxy = 0, òî

u = log
(

2
ψxψy
ψ2

)
(3)

� ðåøåíèå (2). Äåéñòâèòåëüíî,

u = log 2 + logψx + logψy − 2 logψ,

òîãäà

uxy = −2(logψ)xy = −2
xψxyψ − ψxψy

ψ2
=

2ψxψy
ψ2

= eu.
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Ñóùåñòâîâàíèå x-èíòåãðàëà I è y-èíòåãðàëà J :

I = uyy −
1

2
u2y, Dx(I) = 0; J = uxx −

1

2
u2x, Dy(J) = 0. (4)

Çäåñü Dx è Dy ïîíèìàþòñÿ, êàê ïîëíûå ïðîèçâîäíûå â ñèëó óðàâíåíèÿ,
òî åñòü, âñå ñìåøàííûå ïðîèçâîäíûå uxy, uxxy, uxyy, . . . èñêëþ÷àþòñÿ.
Äåéñòâèòåëüíî,

Dx(I) = uxyy − uyuxy = (eu)y − uyeu = 0,

è àíàëîãè÷íî äëÿ J . Î÷åâèäíî, ëþáàÿ ôóíêöèÿ f(y, I,Dy(I), . . . , Dn
y (I))

� òàêæå x-èíòåãðàë (ÄÇ: äîêàçàòü, ÷òî äðóãèõ íåò).

Êîíôîðìíàÿ èíâàðèàíòíîñòü: åñëè u(x, y) ðåøåíèå óðàâíåíèÿ
Ëèóâèëëÿ, è f(x), g(y) ïðîèçâîëüíûå íåïîñòîÿííûå, äèôôåðåíöèðóåìûå
ôóíêöèè, òî

ũ(x, y) = u(f(x), g(y)) + log(f ′(x)g′(y)); (5)

òàêæå ÿâëÿåòñÿ ðåøåíèåì:

ũxy = f ′(x)g′(y)uxy = f ′(x)g′(y)eu = eũ.
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ßâíàÿ ôîðìóëà äëÿ îáùåãî ðåøåíèÿ:

eu =
2a′(x)b′(y)

(a(x) + b(y))2
, (6)

ãäå a è b ïðîèçâîëüíûå ôóíêöèè. Ýòîò æå îòâåò ìîæíî çàïèñàòü è èíà÷å,
íàïðèìåð,

eu = − 2a′(x)b′(y)

(1 + a(x)b(y))2
(7)

� ýòî òà æå ñàìàÿ ôîðìóëà, ñ òî÷íîñòüþ äî çàìåíû a→ 1/a.

Òî, ÷òî (6) � ðåøåíèå, ñðàçó ñëåäóåò èç ïîäñòàíîâêè (3) è ôîðìóëû
Äàëàìáåðà ψ = a(x) + b(y) äëÿ óðàâíåíèÿ ψxy = 0.

Íåìíîãî òðóäíåå äîêàçàòü, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ Ëèóâèëëÿ
ìîæåò áûòü çàïèñàíî â âèäå (6). Äëÿ ýòîãî âîñïîëüçóåìñÿ x- è
y-èíòåãðàëàìè. Ëþáîå ðåøåíèå u óäîâëåòâîðÿåò òàêæå ïàðå ÎÄÓ

uyy −
1

2
u2y = I(y), uxx −

1

2
u2x = J(x).

Îòñþäà ÿñíî, ÷òî îòâåò ñîäåðæèò 2 ïðîèçâîëüíûå ôóíêöèè +4
êîíñòàíòû, íóæíî åãî òîëüêî óïðîñòèòü.
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Ñâîéñòâî êîíôîðìíîé èíâàðèàíòíîñòè ïîçâîëÿåò îáðàòèòü y-èíòåãðàë
J(x) â 0 çà ñ÷¼ò çàìåíû ñ ïîäõîäÿùåé ôóíêöèåé f(x). Äåéñòâèòåëüíî:

ũx = f ′ux +
f ′′

f ′
, ũxx = (f ′)2uxx + f ′′ux +

(f ′′
f ′

)′
;

òîãäà

J̃ = ũxx −
1

2
ũ2x

= (f ′)2uxx + f ′′ux +
f ′′′

f ′
− (f ′′)2

(f ′)2
− 1

2

(
f ′ux +

f ′′

f ′

)2
= (f ′)2J +

f ′′′

f ′
− 3

2

(f ′′
f ′

)2
= (f ′)2J + Sf .

(âûðàæåíèå Sf íàçûâàåòñÿ ïðîèçâîäíîé Øâàðöà). Ïðè çàäàííîì J(x),

óðàâíåíèå J̃ = 0 åñòü ÎÄÓ îòíîñèòåëüíî f(x):

f ′′′ − 3(f ′′)2

2f ′
= −(f ′)3J(x).

Äëÿ çàìåíû äîñòàòî÷íî âçÿòü ëþáîå ÷àñòíîå ðåøåíèå (äîñòàòî÷íî çíàòü,
÷òî îíî åñòü).
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Òî÷íî òàê æå, x-èíòåãðàë I(y) îáðàùàåòñÿ â 0 çà ñ÷¼ò âûáîðà ïîäõîäÿùåé
g(y). Â ðåçóëüòàòå, çàìåíîé (5) ëþáîå ðåøåíèå óðàâíåíèÿ Ëèóâèëëÿ
ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû

uxx =
1

2
u2x, uyy =

1

2
u2y, uxy = eu.

Ýòè óðàâíåíèÿ ëåãêî ðåøàþòñÿ. Îáùåå ðåøåíèå èìååò âèä

eu = (α+ βx+ γy + δxy)−2, 2(βγ − αδ) = 1,

ñ ïîñòîÿííûìè α, β, γ, δ.

Ïîñëå ýòîãî, â íàøåì ðàñïîðÿæåíèè åùå îñòàþòñÿ êîíôîðìíûå çàìåíû
(5) ñ äðîáíî-ëèíåéíûìè ôóíêöèÿìè f(x) è g(y). Äåéñòâèòåëüíî, äëÿ íèõ
Sf = 0 è Sg = 0, ïîýòîìó J è I îñòàþòñÿ ðàâíûìè 0. Èñïîëüçóÿ òàêèå
äîïîëíèòåëüíûå ïðåîáðàçîâàíèÿ, îòâåò ìîæíî ïðèâåñòè ê âèäó

eu = 2(x+ y)−2.

Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå (5) ñ ïðîèçâîëüíûìè ôóíêöèÿìè,
ïîëó÷àåì ôîðìóëó (6).
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Óðàâíåíèå Ëèóâèëëÿ äîïóñêàåò ýâîëþöèîííûå ñèììåòðèè. Â
÷àñòíîñòè, îíî ñîâìåñòíî ñ óðàâíåíèåì

ut = uxxx −
1

2
u3x. (8)

Â ñèëó ñèììåòðèè x↔ y, ñèììåòðèåé ÿâëÿåòñÿ òàêæå uτ = uyyy − 1
2u

3
y.

Êàê îáû÷íî, ñîâìåñòíîñòü îçíà÷àåò ðàâåíñòâî ïåðåêðåñòíûõ
ïðîèçâîäíûõ:

(uxy)t = euut = eu(uxxx − 1
2u

3
x);

(ut)xy = (uxxxy − 3
2u

2
xuxy)x = ((eu)xx − 3

2e
uu2x)x

= (eu(uxx − 1
2u

2
x))x = eu(uxxx − 1

2u
3
x).

Óðàâíåíèå (8) ýêâèâàëåíòíî ìÊäÔ, ïðè ïîäñòàíîâêå v = ux, ýòî
S-èíòåãðèðóåìîå óðàâíåíèå. Îäíàêî, ýòî �ñëó÷àéíîå� ñîâïàäåíèå, íà
ñàìîì äåëå ó óðàâíåíèÿ Ëèóâèëëÿ �ñëèøêîì ìíîãî� ñèììåòðèé,
áîëüøèíñòâî èç êîòîðûõ íåèíòåãðèðóåìû.
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Â ÷àñòíîñòè, ïîêàæåì, ÷òî óðàâíåíèÿ Ëèóâèëëÿ ñîâìåñòíî ñ ëþáûì
óðàâíåíèåì âèäà

ut = Fx + uxF = e−u(euF )x,

ãäå F = F (x, J, Jx, Jxx, . . . ) � ïðîèçâîëüíûé y-èíòåãðàë (óðàâíåíèå (8)
ïîëó÷àåòñÿ ïðè F = J).

Èìååì, èñïîëüçóÿ òîëüêî ñâîéñòâî Fy = 0:

(uxy)t = euut = (euF )x;

(ut)xy = (Fx + uxF )xy = (uxyF )x = (euF )x.
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Äâóìåðíàÿ öåïî÷êà Òîäû

Äâóìåðíîé öåïî÷êîé Òîäû (2DTL) íàçûâàåòñÿ äèôôåðåíöèàëüíî-
ðàçíîñòíîå óðàâíåíèå

uj,xy = euj+1−2uj+uj−1 , j ∈ Z. (9)

Å¼ ÷àñòî çàïèñûâàþò òàêæå äëÿ ïåðåìåííûõ qj = uj − uj−1:

qj,xy = eqj+1−qj − eqj−qj−1 , (10)

èëè äëÿ ïåðåìåííûõ bj = qj,x, cj = −eqj−qj−1 :

bj,y = cj − cj+1, cj,x = cj(bj − bj−1), (11)

è â äðóãèõ ýêâèâàëåíòíûõ ôîðìàõ. Ñ òî÷íîñòüþ äî òàêèõ çàìåí, 2DTL
áûëà ââåäåíà Ëàïëàñîì â 1893 (è ïåðåîòêðûòà Ìèõàéëîâûì â 1979) ïðè
èçó÷åíèè ïðåîáðàçîâàíèé, äåéñòâóþùèõ íà ðåøåíèÿõ ëèíåéíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé âèäà

ψxy = a(x, y)ψx + b(x, y)ψy + c(x, y)ψ. (12)
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Êàñêàäíûé ìåòîä Ëàïëàñà

Ýòîò ìåòîä çàêëþ÷àåòñÿ â îïðåäåëåíèè ïîñëåäîâàòåëüíîñòè
ïðåîáðàçîâàíèé âèäà

ψ̃ = ψx + fψ èëè ψ̃ = ψy + gψ,

ïðè êîòîðûõ êîýôôèöèåíòû óðàâíåíèÿ (12) ìåíÿþòñÿ, à ñàì âèä îñòà¼òñÿ
òàêèì æå.

Â ýòèõ ïðåîáðàçîâàíèÿõ åñòü íåêîòîðûé ïðîèçâîë, òàê êàê èõ ìîæíî
êîìáèíèðîâàòü ñ êàëèáðîâî÷íûì ïðåîáðàçîâàíèåì

ψ = h(x, y)ψ̂,

òàêæå íå ìåíÿþùèì âèä óðàâíåíèÿ. ×òîáû îòôàêòîðèçîâàòüñÿ îò íåãî,
ìîæíî âûïèñûâàòü óðàâíåíèÿ íà èíâàðèàíòû ãðóïïû òàêèõ
ïðåîáðàçîâàíèé (èíâàðèàíòû Ëàïëàñà), ëèáî êàê-òî çàôèêñèðîâàòü
êàëèáðîâêó.

Ìû èñïîëüçóåì âòîðîé âàðèàíò è ôèêñèðóåì êàëèáðîâêó, ïîëàãàÿ a = 0.
Â ðåçóëüòàòå âîçíèêàþò ñëåäóþùèå ëèíåéíûå óðàâíåíèÿ, â êîòîðûå ìû
ñðàçó ââåä¼ì èíäåêñ j âìåñòî òèëüäû (òî åñòü, ψ̃j = ψj+1).
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Âûâåäåì óñëîâèå ñîâìåñòíîñòè äëÿ ïàðû ëèíåéíûõ óðàâíåíèé

ψj,x = ψj+1 + bjψj , (13)

ψj,y = cjψj−1. (14)

Èìååì:

ψj,xy = ψj+1,y + bj,yψj + bjψj,y = cj+1ψj + bj,yψj + bjcjψj−1 =

ψj,yx = cj,xψj−1 + cjψj−1,x = cj,xψj−1 + cj(ψj + bj−1ψj−1).

Â ðåçóëüòàòå, ïîëó÷àåì öåïî÷êó (11)

bj,y = cj − cj+1, cj,x = cj(bj − bj−1).

Îíà îïèñûâàåò, êàê ìåíÿþòñÿ êîýôôèöèåíòû ëèíåéíûõ óðàâíåíèé

ψj,xy = bjψj,y + cjψj (15)

ïîä äåéñòâèåì ïðåîáðàçîâàíèé

ψj 7→ ψj+1 = ψj,x − bjψj , ψj 7→ ψj−1 = c−1j ψj,y.
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Ïðèìåð, êàê ðàáîòàåò êàñêàäíûé ìåòîä: ïóñòü äàíî óðàâíåíèå

ψj,xy = yψj,y − jψj , j ∈ Z.

Î÷åâèäíî, ôóíêöèè bj = y è cj = j óäîâëåòâîðÿþò öåïî÷êå, ïîýòîìó
ðåøåíèÿ ψj îòâå÷àþùèå ðàçíûì j ñâÿçàíû äðóã ñ äðóãîì. Çíà÷èò,
óðàâíåíèå ìîæíî ñâåñòè ê ñëó÷àþ j = 0, äëÿ êîòîðîãî îòâåò
çàïèñûâàåòñÿ â êâàäðàòóðàõ:

ψ0,xy = yψ0,y, ψ0 =

∫
exya(y) dy + b(x),

ãäå a, b ïðîèçâîëüíûå ôóíêöèè. Â ðåçóëüòàòå, ïðè j ≥ 0 ïîëó÷àåòñÿ
ôîðìóëà

ψj = (Dx − y)j(ψ0).

Àíàëîãè÷íî, ïðè j = −1 èìååì

ψ−1,xy = (yψ−1)y, ψ−1 = exy
(
a(y) +

∫
e−xyb(x) dx

)
,

è ïðè j ≤ −1 èìååì ôîðìóëó

ψj = D−j−1y (ψ−1).

Òàêèì îáðàçîì, îòâåò çàïèñûâàåòñÿ â êâàäðàòóðàõ äëÿ ëþáîãî öåëîãî j.
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Ðåäóêöèè â öåïî÷êå Òîäû

Èç ëþáîãî èíòåãðèðóåìîãî 3D óðàâíåíèÿ ìîæíî ïîëó÷èòü ìíîæåñòâî 2D
óðàâíåíèé, ïîíèæàÿ ðàçìåðíîñòü êàêèìè-íèáóäü ðåäóêöèÿìè. Íàïðèìåð,
èç óðàâíåíèÿ ÊÏ ïîëó÷àåòñÿ óðàâíåíèÿ ÊäÔ, Áóññèíåñêà è åùå ìíîãî
÷åãî. Ýòî âåðíî è äëÿ öåïî÷êè Òîäû.

Â ÷àñòíîñòè, îäíîìåðíàÿ âåðñèÿ öåïî÷êè (èìåííî îíà áûëà ââåäåíà
Òîäîé â 1967, êàê ñàìîñòîÿòåëüíàÿ ìîäåëü) ïîëó÷àåòñÿ, åñëè
ðàññìàòðèâàòü ðåøåíèÿ âèäà qj(x, y) = qj(t), t = x+ y:

q′′j = eqj+1−qj − eqj−qj−1 . (16)

Ìû ðàññìîòðèì äðóãèå ðåäóêöèè, ñâÿçàííûå ñ îáðûâîì ïî j. Âî-ïåðâûõ,
ïîêàæåì, ÷òî èç öåïî÷êè Òîäû ïîëó÷àþòñÿ ñëåäóþùèå ãèïåðáîëè÷åñêèå
óðàâíåíèÿ:

uxy = eu óðàâíåíèå Ëèóâèëëÿ (1853)

uxy = eu − e−u óðàâíåíèå sinh-Ãîðäîíà (Bour, 1862)

uxy = eu − e−2u óðàâíåíèå Öèöåéêè (1910)
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Îòìåòèì, ÷òî ýòè óðàâíåíèÿ ïëþñ ëèíåéíîå óðàâíåíèå uxy = αu+ β
èñ÷åðïûâàþò âñå èíòåãðèðóåìûå óðàâíåíèÿ âèäà

uxy = f(u),

â ñìûñëå ñóùåñòâîâàíèÿ âûñøèõ ñèììåòðèé (êëàññèôèêàöèîííûé
ðåçóëüòàò Èáðàãèìîâà è Øàáàòà 1980).

Çàòåì ðàññìîòðèì íåêîòîðûå çàìûêàíèÿ áîëüøåé äëèíû ïî j,
ïðèâîäÿùèå ê n-êîìïîíåíòíûì ñèñòåìàì, äëÿ êîòîðûõ, êàê è äëÿ
óðàâíåíèÿ Ëèóâèëëÿ, âîçìîæíî âûïèñàòü ÿâíóþ ôîðìóëó äëÿ îáùåãî
ðåøåíèÿ.
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Ðåäóêöèÿ 2DTL → sinh-Ãîðäîí

Óñëîâèå ïåðèîäè÷íîñòè bj+2 = bj , cj+2 = cj ïðåâðàùàåò (11) â ñèñòåìó

b1,y = c1 − c2, c1,x = c1(b1 − b2),
b2,y = c2 − c1, c2,x = c2(b2 − b1).

Ìîæíî ïîëîæèòü (áåç ïîòåðè îáùíîñòè)

b1 = b, b2 = −b, c1 = c, c2 = 1/c,

÷òî ïðèâîäèò ê ñèñòåìå

by = c− c−1, cx = 2cb.

Ïîëîæèâ b = ux, c = e2u, ïîëó÷èì óðàâíåíèå sinh-Ãîðäîíà

uxy = 2 sinh 2u. (17)

Ïåðèîäè÷íîñòü êîýôôèöèåíòîâ íå îçíà÷àåò ïåðèîäè÷íîñòü ψ-ôóíêöèé,
äëÿ íèõ ýòî óñëîâèå ìîæíî îñëàáèòü:

ψj+2 = λψj .
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Òîãäà óðàâíåíèÿ (13), (14) ïðåâðàùàþòñÿ â

ψ1,x = ψ2 + bψ1, ψ1,y = λ−1cψ2,
ψ2,x = λψ1 − bψ2, ψ2,y = c−1ψ1,

÷òî ìîæíî ïåðåïèñàòü â âèäå ìàòðè÷íîãî ïðåäñòàâëåíèÿ íóëåâîé
êðèâèçíû äëÿ (17):

Ψx = UΨ, Ψy = VΨ ⇒ Uy = Vx + [V,U ],

ãäå

Ψ =

(
ψ1

ψ2

)
, U =

(
b 1
λ −b

)
=

(
ux 1
λ −ux

)
,

V =

(
0 λ−1c
c−1 0

)
=

(
0 λ−1e2u

e−2u 0

)
.
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Ðåäóêöèÿ 2DTL → óðàâíåíèå Öèöåéêè

Óñëîâèå ïåðèîäè÷íîñòè bj+3 = bj , cj+3 = cj ïðåâðàùàåò (11) â ñèñòåìó

b1,y = c1 − c2, c1,x = c1(b1 − b3),
b2,y = c2 − c3, c2,x = c2(b2 − b1),
b3,y = c3 − c1, c3,x = c3(b3 − b2).

Êàê è ðàíüøå, çäåñü ìîæíî áåç ïîòåðè îáùíîñòè ïîëîæèòü

b1 + b2 + b3 = 0, c1c2c3 = 1,

÷òî ïðèâîäèò ê ñèñòåìå

b1,y = c1 − c2, c1,x = c1(2b1 + b2),
b2,y = c2 − 1/(c1c2), c2,x = c2(b2 − b1).

Çäåñü âîçìîæíà äàëüíåéøàÿ ðåäóêöèÿ (óæå ñ ïîòåðåé îáùíîñòè)

b1 = 0, b2 = b = ux, c1 = c2 = c = eu,

ïðèâîäÿùàÿ ê óðàâíåíèþ Öèöåéêè:

by = c− c−2, cx = cb ⇒ uxy = eu − e−2u.
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Óñëîâèå êâàçèïåðèîäè÷íîñòè ψ-ôóíêöèé

ψj+3 = λψj

äà¼ò ïðè òàêîé ðåäóêöèè óðàâíåíèÿ

ψ1,x = ψ2, ψ1,y = λ−1cψ3,
ψ2,x = ψ3 + bψ2, ψ2,y = cψ1,
ψ3,x = λψ1 − bψ3, ψ3,y = c−2ψ2,

òî åñòü, â ìàòðè÷íîì âèäå, Ψx = UΨ, Ψy = VΨ, ãäå

Ψ =

ψ1

ψ2

ψ3

 , U =

0 1 0
0 ux 1
λ 0 −ux

 , V =

 0 0 λ−1eu

eu 0 0
0 e−2u 0

 .

Âîîáùå, ïåðèîäè÷åñêîå çàìûêàíèå

bj+n = bj , cj+n = cj , ψj+n = λψj

ïðèâîäèò ê íåêîòîðîé S-èíòåãðèðóåìîé ñèñòåìå (õîòÿ ïðè n > 3 îíà íå
ñâîäèòñÿ ê óðàâíåíèþ íà îäíî ïîëå).
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Öåïî÷êà Òîäû íà ïîëóïðÿìîé

Òåïåðü ðàññìîòðèì äðóãîé ñïîñîá çàìûêàíèÿ 2DTL, ïðèâîäÿùèé ê
C-èíòåãðèðóåìûì ñèñòåìàì. Îí íå ïåðèîäè÷åñêèé, à îïðåäåëÿåòñÿ
ãðàíè÷íûìè óñëîâèÿìè ñ íóëåâûì îáðûâîì

u0 = 0, un+1 = 0 (18)

íà êîíöàõ èíòåðâàëà ïî j.

Çàìå÷àíèå. Ñóùåñòâóþò è äðóãèå C-èíòåãðèðóåìûå îáðûâû. Ïðè èõ
îïèñàíèè áûëî îáíàðóæåíî íåêîå ñîîòâåòñòâèå ñ êëàññèôèêàöèåé
ïðîñòûõ àëãåáð Ëè. Íàø îáðûâ îòâå÷àåò àëãåáðàì Ëè òèïà An.

Ïðè n = 1 îáðûâ (18) ïðèâîäèò ê óðàâíåíèþ Ëèóâèëëÿ u1,xy = e−2u1 .
Ïîêàæåì, ÷òî ñèñòåìà îòâå÷àþùàÿ ïðîèçâîëüíîìó n ÿâëÿåòñÿ
îáîáùåíèåì óðàâíåíèÿ Ëèóâèëëÿ, â òîì ñìûñëå, ÷òî äëÿ å¼ ðåøåíèé
ñóùåñòâóåò ÿâíàÿ ôîðìóëà, àíàëîãè÷íàÿ (6).

Ñíà÷àëà ðàññìîòðèì îáðûâ òîëüêî ñ îäíîãî êîíöà, òî åñòü,
ïîëóáåñêîíå÷íóþ öåïî÷êó

u0 = 0, uj,xy = euj+1−2uj+uj−1 , j = 1, 2, . . . . (19)
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Óäîáíî ïåðåéòè ê óðàâíåíèÿì â ðàöèîíàëüíîé ôîðìå, ñäåëàâ çàìåíó
uj = logwj , òîãäà èìååì

w0 = 1, wjwj,xy = wj,xwj,y + wj−1wj+1, j = 1, 2, . . . . (20)

Ðåøåíèå ýòèõ óðàâíåíèé ïîëíîñòüþ îïðåäåëÿåòñÿ ïðîèçâîëüíîé
ôóíêöèåé w1 = f(x, y), òàê êàê îñòàëüíûå ïåðåìåííûå íàõîäÿòñÿ
ðåêóððåíòíî ïî ôîðìóëå

wj+1 =
wjwj,xy − wj,xwj,y

wj−1

(â ïðåäïîëîæåíèè, ÷òî wj−1 6= 0). Èìååì

w0 = 1, w1 = f(x, y), w2 = ffxy − fxfy = det

(
f fy
fx fxy

)
,

w3 =
w2w2,xy − w2,xw2,y

f
.

Åñëè ðàñïèñàòü ïîñëåäíåå âûðàæåíèå, òî f ñîêðàòèòñÿ:

w3 = det

 f fy fyy
fx fxy fxyy
fxx fxxy fxxyy

 .

Ïîñëå ýòîãî ìîæíî óãàäàòü îáùèé îòâåò.
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Ñíà÷àëà äîêàæåì îäíî ïîëåçíîå òîæäåñòâî (âàðèàíò òîæäåñòâà ßêîáè)
äëÿ âðîíñêèàíîâ îò ïðîèçâîëüíûõ ãëàäêèõ ôóíêöèé

W (f0, . . . , fj) = det
(
∂kx(fi)

)j
i,k=0

.

Ëåììà 1. Ïóñòü F � ïîñëåäîâàòåëüíîñòü ôóíêöèé f0, . . . , fj (âîçìîæíî
ïóñòàÿ, ïðè ýòîì ïîëàãàåì W (∅) = 1). Òîãäà âûïîëíÿåòñÿ òîæäåñòâî

W (F )W (F, g, h) =

∣∣∣∣ W (F, g) W (F, h)
∂x(W (F, g)) ∂x(W (F, h))

∣∣∣∣ . (21)

Äîêàçàòåëüñòâî. W (F, g, h) è ïðàâàÿ ÷àñòü òîæäåñòâà ÿâëÿþòñÿ
äèôôåðåíöèàëüíûìè îïåðàòîðàìè, äåéñòâóþùèìè íà h:

(a0∂
j+2
x + · · ·+ aj+2)(h) = (b0∂

j+2
x + · · ·+ bj+2)(h).

Ïðè ýòîì ÿäðà îáîèõ îïåðàòîðîâ íàòÿíóòû íà f0, . . . , fj , g. ßäðî
îïðåäåëÿåò äèôôåðåíöèàëüíûé îïåðàòîð ñ òî÷íîñòüþ äî ìíîæèòåëÿ.
Ñðàâíåíèå êîýôôèöèåíòîâ ïðè ∂j+2

x (h) ïîêàçûâàåò, ÷òî ýòîò ìíîæèòåëü
ðàâåí W (F ). �
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Óòâåðæäåíèå 2. Îáùåå ðåøåíèå ïîëóáåñêîíå÷íîé öåïî÷êè (20) èìååò
âèä

wn = W (f, ∂y(f), . . . , ∂j−1y (f)), (22)

ãäå f(x, y) ïðîèçâîëüíàÿ áåñêîíå÷íî-äèôôåðåíöèðóåìàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. Ïóñòü F ïîñëåäîâàòåëüíîñòü f, ∂y(f), . . . , ∂j−2y (f) è

g = ∂j−1y (f), h = ∂jy(f).

Òîãäà â òîæäåñòâå (21) èìååì

W (F ) = wj−1, W (F, g) = wj , W (F, h) = ∂y(wj), W (F, g, h) = wj+1.

Ñëåäîâàòåëüíî, ôóíêöèè wj óäîâëåòâîðÿþò óðàâíåíèÿì

w0 = 1, wj−1wj+1 =

∣∣∣∣ wj wj,y
wj,x wj,xy

∣∣∣∣ = wjwj,xy − wj,xwj,y,

÷òî è òðåáóåòñÿ. �
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Öåïî÷êà Òîäû íà îòðåçêå ñ çàêðåïë¼ííûìè êîíöàìè

Òåïåðü íàëîæèì óñëîâèå îáðûâà ñ äâóõ êîíöîâ: u0 = un+1 = 0 èëè, ÷òî òî
æå ñàìîå, w0 = wn+1 = 1.

Ïðè n = 1 ïîëó÷àåì
u1,xy = e−2u1 .

Êàê óæå ãîâîðèëîñü, ýòî, ñ òî÷íîñòüþ äî ðàñòÿæåíèÿ, óðàâíåíèå
Ëèóâèëëÿ, ðåøåíèå êîòîðîãî îïðåäåëÿåòñÿ äâóìÿ ôóíêöèÿìè a(x), b(y)
ïî ôîðìóëå (6).

Ïðè n = 2 èìååì ñèñòåìó

u1,xy = eu2−2u1 , u2,xy = e−2u2+u1 ,

â îáùåì ñëó÷àå � öåïî÷êó Òîäû òèïà An

u1,xy = eu2−2u1 ,

uj,xy = euj+1−2uj+uj−1 , j = 2, . . . , n− 1,

un,xy = e−2un+un−1 .

(23)
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Äëÿ ýòîé ñèñòåìû ñóùåñòâóåò ÿâíàÿ ôîðìóëà, àíàëîãè÷íàÿ (6),
âûðàæàþùàÿ îáùåå ðåøåíèå ÷åðåç 2n ïðîèçâîëüíûõ ôóíêöèé
a1(x), . . . , an(x), b1(y), . . . , bn(y).

Èäåÿ âûâîäà çàêëþ÷àåòñÿ â òîì, ÷òîáû âîñïîëüçîâàòüñÿ ôîðìóëîé (22),
ó÷èòûâàþùåé îäíî ãðàíè÷íîå óñëîâèå w0 = 1, è óòî÷íèòü âèä ôóíêöèè
f(x, y) ïðè ïîìîùè âòîðîãî óñëîâèÿ wn+1 = 1.

Ôàêòè÷åñêè, ôîðìóëà (22) ïðåîáðàçóåò ñèñòåìó (23) â îäíî ñêàëÿðíîå
óðàâíåíèå

wn+1 = Wx(f, ∂y(f), . . . , ∂ny(f)) = 1

íà ôóíêöèþ f(x, y), òî åñòü,∣∣∣∣∣∣∣∣
f f (0,1) . . . f (0,n)

f (1,0) f (1,1) . . . f (1,n)

. . . . . . . . . . . . . . . . . . .
f (n,0) f (n,1) . . . f (n,n)

∣∣∣∣∣∣∣∣ = 1, (24)

ãäå f (i,j) = ∂ix∂
j
y(f).
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Âîñïîëüçóåìñÿ òåì, ÷òî äëÿ ôóíêöèé âèäà

f(x, y) = a0(x)b0(y) + · · ·+ an(x)bn(y)

âðîíñêèàí ôàêòîðèçóåòñÿ íà ìíîæèòåëè, çàâèñÿùèå òîëüêî îò x è îò y.

Äåéñòâèòåëüíî, ïóñòü f = AB, ãäå A è B âåêòîðû

A = (a0(x), a1(x), . . . , an(x)), B = (b0(y), b1(y), . . . , bn(y)).

Òîãäà

Wx(f, . . . , ∂ny (f)) = det


AB AB(1) . . . AB(n)

A(1)B A(1)B(1) . . . A(1)B(n)

. . . . . . . . . . . . . . . . . . . . . . . .
A(n)B A(n)B(1) . . . A(n)B(n)



det


a0 a1 . . . an

a
(1)
0 a

(1)
1 . . . a

(1)
n

. . . . . . . . . . . . . . .

a
(n)
0 a

(n)
1 . . . a

(n)
n

det


b0 b

(1)
0 . . . b

(n)
0

b1 b
(1)
1 . . . b

(n)
1

. . . . . . . . . . . . . .

bn b
(1)
n . . . b

(n)
n


= Wx(a0, . . . , an)Wy(b0, . . . , bn).

Â.Ý. Àäëåð Êëàññè÷åñêèå èíòåãðèðóåìûå ñèñòåìû Ëåêöèÿ 12 · 24 àïðåëÿ 2023 30 / 34



Äàëåå, èñïîëüçóåì òî, ÷òî ïðè óìíîæåíèè âñåõ ai(x) íà îáùèé
ìíîæèòåëü p(x), îí âûíîñèòñÿ èç âðîíñêèàíà:

Wx(pa0, . . . , pan) = det


pa0 pa1 . . . pan

(pa0)′ (pa1)′ . . . (pan)′

. . . . . . . . . . . . . . . . . . . . . . . .
(pa0)(n) (pa1)(n) . . . (pan)(n)


= pn+1Wx(a0, . . . , an),

è àíàëîãè÷íî äëÿ Wy. Çà ñ÷åò ýòîãî ìîæíî îòíîðìèðîâàòü âðîíñêèàíû
òàê, ÷òîáû îíè áûëè ðàâíû 1.

Óòâåðæäåíèå 3. Ñèñòåìà (23) èìååò ðåøåíèå

uj = logWx(f, ∂y(f), . . . , ∂j−1y (f)), j = 1, . . . , n,

f =
(
Wx(a′1, . . . , a

′
n)Wy(b′1, . . . , b

′
n)
)− 1

n+1 (1 + a1b1 + · · ·+ anbn),

ñ ïðîèçâîëüíûìè ëèíåéíî íåçàâèñèìûìè ôóíêöèÿìè ai(x), bi(y).

Ïðè n = 1 ýòî ðåøåíèå ñîâïàäàåò ñ ôîðìóëîé äëÿ óðàâíåíèÿ Ëèóâèëëÿ
(7), ñ òî÷íîñòüþ äî çàìåíû 2u1 = −u.
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×òî ìû ïðîøëè

(ñ ðàçíîé ñòåïåíüþ ïîäðîáíîñòè, â îñíîâíîì � íà ïðîñòåéøåì ïðèìåðå
óðàâíåíèÿ ÊäÔ)

ïðåäñòàâëåíèÿ Ëàêñà èëè íóëåâîé êðèâèçíû

çàêîíû ñîõðàíåíèÿ

ïîäñòàíîâêè òèïà Ìèóðû

ïðåîáðàçîâàíèÿ Äàðáó�Áýêëóíäà

ñèììåòðèè (êëàññè÷åñêèå è âûñøèå)

îïåðàòîð ðåêóðñèè

ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ

ðåøåíèÿ:
I ìíîãîñîëèòîííûå (ïîòåíöèàëû Áàðãìàííà)
I êîíå÷íîçîííûå (óðàâíåíèÿ Íîâèêîâà è Äóáðîâèíà)
I àâòîìîäåëüíûå (óðàâíåíèÿ Ïåíëåâå)

ñëåãêà çàòðîíóëè äðóãèå òèïû óðàâíåíèé, â ÷àñòíîñòè:
I öåïî÷êè (Âîëüòåððû, Òîäû, îäåâàþùàÿ)
I äèñêðåòíûå óðàâíåíèÿ (òèïà ðàçíîñòíîãî óðàâíåíèÿ ÊäÔ, ïîëó÷àåòñÿ
êàê ñóïåðïîçèöèÿ ÏÁ)
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×òî ìû íå ïðîøëè

òåîðèÿ è ïðèëîæåíèÿ äèôôåðåíöèàëüíûõ è
ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ

ïðåäñòàâëåíèÿ Ëàêñà íà àëãåáðàõ Ëè

ëàãðàíæåâà è ãàìèëüòîíîâà ñòðóêòóðà, áè-ãàìèëüòîíîâîñòü

r-ìàòðè÷íûé ôîðìàëèçì

áèëèíåéíûå óðàâíåíèÿ Õèðîòû, òàó-ôóíêöèè

ðàöèîíàëüíûå ðåøåíèÿ

çàäà÷è ñ ¾íåèíòåãðèðóåìûìè¿ ãðàíè÷íûìè óñëîâèÿìè (òèïà çàäà÷
Ãóðåâè÷à�Ïèòàåâñêîãî)

ðàçëè÷íûå êëàññû óðàâíåíèé, â ÷àñòíîñòè:
I èíòåãðèðóåìûå îòîáðàæåíèÿ (ïðèìåð � áèëüÿðä â êâàäðèêå)
I çàäà÷è ìíîãèõ òåë (íàïðèìåð, ñèñòåìà Êàëîäæåðî�Ìîçåðà äëÿ
ïîëþñîâ ðàöèîíàëüíûõ ðåøåíèé ÊäÔ, ñèñòåìà Ãàðíüå äëÿ
ïñè-ôóíêöèé)

I òð¼õìåðíûå óðàâíåíèÿ (íàïðèìåð, Êàäîìöåâà�Ïåòâèàøâèëè)

ñâÿçè ñ êâàíòîâûìè èíòåãðèðóåìûìè ìîäåëÿìè
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Äîìàøíåå çàäàíèå

12.1. Ðåøåíèÿ öåïî÷êè (11), çàâèñÿùèå òîëüêî îò t = x+ y, î÷åâèäíî,
îïèñûâàþòñÿ îäíîìåðíîé öåïî÷êîé Òîäû

b′j = cj − cj+1, c′j = cj(bj − bj−1),

÷òî ýêâèâàëåíòíî (16). Ïîëó÷èòå äëÿ ýòîé öåïî÷êè ïðåäñòàâëåíèå
íóëåâîé êðèâèçíû âèäà

Φj+1 = WjΦj , Φ′j = UjΦj ⇒ W ′j = Uj+1Wj −WjUj ,

ñ 2× 2 ìàòðèöàìè Uj , Wj . Äëÿ ýòîãî, ïîäñòàâüòå ψj(x, y) = eλxφj(t) â
ëèíåéíûå óðàâíåíèÿ (13), (14) äëÿ äâóìåðíîé öåïî÷êè è ïåðåïèøèòå èõ
îòíîñèòåëüíî âåêòîðà-ñòîëáöà Φj = (φj , φj+1)T .

12.2. Äîêàæèòå, ÷òî ëþáîé y-èíòåãðàë óðàâíåíèÿ Ëèóâèëëÿ uxy = eu

âûðàæàåòñÿ ÷åðåç áàçèñíûé èíòåãðàë J = uxx − 1
2u

2
x è åãî ïðîèçâîäíûå

ïî x:
Dy(F ) = 0 ⇔ F = f(x, J,Dx(J), . . . , Dn

x (J)).

(Åñòåñòâåííî, àíàëîãè÷íîå óòâåðæäåíèå âåðíî è äëÿ x-èíòåãðàëîâ).
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