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Pemenust onesaorieit nenoukn

Ha mporioit jiekinu 661710 MOKA3aHO, YTO MOCIET0BATEIHLHOCTD
npeobpa3osanuii Jlapby mis cranmmonapHoro ypasuenus Ipénunarepa

U= (u— Ay

(v = D(¢) = dip/dx, 3aBucHMOCTH OT ¢ CErOmHS He OY/IeT) ONMpeessieTcst
oJIeBaloMIeit MemoYKoit

2 2
fn+ f7/L+1 = fn— foi1tan—ani1.

Eé permienre MOKHO CTPOUTH IO M3BECTHBIM 1)-(DYHKIMUSAM 3ATPABOTHOTO
MOTEHIINANA Ug, TTO0YePeHO onpeerss f Kak f = ' /¢ u nepecanrbiBas
npu moMorru oneparopa D — f.

B uwacrroctu, eciu ug = 0, T0 310 HAéT N-conmmronube pemrenus Kad.

Ho, MoXKHO eficTBOBATh U HAOOOPOT — HANTH KaKOe-TO sABHOE (MIu HE
ouenb) pemienue f,,(x) U 0O HEMY ONPEIEUTH IOTEHIUAIBI

Un = f721 + f’r/L + ap
M COOTBETCTBYIOIINE )-DyHKINN.
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Mpsr pa3bepém aBa CIOXKeTa, CBI3aHHBIX C ITON neeil.

o Memod gaxmopusauuu («CylnepCAMMETPUYHAST KBAHTOBAs MEXAHUKAY ).
STOT METOI UCIIOIb30BaJICA OJId IMOCTPOEHUA TOTHO-PEIIaeMbIX
IMOTEHIIUAJIOB €Il€ JI0 OTKPBITUS COJIMTOHOB.

» E. Schrodinger. A method of determining quantum-mechanical eigenvalues
and eigenfunctions. Proc. Roy. Irish Acad. A 46 (1940/1941) 9-16.//
9. lpenuurep. N36pannbie Tpyapl 10 KBanroBoit mexanuke. M.: Hayka,
1976.

» L. Infeld, T.E. Hull. The factorization method. Rev. Modern Phys. 23:1
(1951) 21-68. // C6. uepesouos “Maremaruxa” 10:3 (1966) 39.

OcHoBHas ujes: HOTEHIUAJIbL Uy, JOJ2KHBI ObITh «IIPUMEPHO»
onunakoBbiMu (shape invariance), To ecth, npeoGpasoBanue apOy J0IKHO
TOJILKO MEHSATh KaKue-To mapameTpwl. lIpocreiimuit mpumep —
TaPMOHUIECKUHN OCITUITIATOP.

JlaHHBIA HOAXO0/, IPUBOIUT K PEIICHUAM, BHIPAXKAIOMIUMCH Yepe3
kaaccuuyeckue cuendynknuu (dpmura, Jlareppa u r.i1.)
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http://www.jstor.org/stable/20490744
http://dx.doi.org/10.1103/RevModPhys.23.21

(] Keasunepuoduuecnoe 3amblrKkaHue

> A.II. Becenos, A.B. Illabar. OxeBatomas nenovka u CleKTpabHas TEOPU
omreparopa [lpemnuarepa. Funct. Anal. Appl. 27:2 (1993) 1-21.

OcHoBHas ujaes: MONOKUM friN = fn, QntN = Qu + 2¢, TOTIA TETTOYKA
npesparutca B cucremy OJLY, Mo penreHnio KOTOpOil BOCCTAHABIMBAETCS
MTOTEHITNAJI U BOJTHOBBIE (DYHKINHU, OTBEYAIOINE 3HAYEHUIM vy + 2¢K,
k=0,1,2,....

[Ipu ¢ = 0 nosy4arorcs KOHEYHO30HHbIE HOTeHmasbl. Ilpu ¢ # 0 —
TPAHCIEHIEHTHBIE 0000IIEHNT TAPMOHINYIECKOTO OCIIMJLIATOPA, B YaCTHOCTH,
npu N = 3,4 3amada cBoautcsa K ypaBHenusam llenmese Py, Ps.
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http://mi.mathnet.ru/faa696

OcHoBHbIE DOPMYJIIBI

Hamomuwum dhopmysasr u3 npenpiayimeii gekimu. [Ipeobpasosanue Jap0y mst
ypasuenus [[Ipénunrepa ¢ MOTEHIUAIOM Uy,

"/}Z = (un - )‘)'@[Jn (1)
ompeaesnsiercss GoOpMyIaMu
Y41 :w;_fnwna un:f2+fr/L+anv Un+1 :un—2f1’l. (2)
Vckntouenne u, NPUBOJNT K OJEBAOMEH IEN0IKe
fo 4 fra :f5*f2+1+04n*04n+1~ (3)
IMepemennas f, Bbipazkaercs depes dacTHoe pemenne (1) npu A\ = ay,:
fn =00/ en, P = (Un — an)pn (4)
(byukuus @, onpenensier sapo I1/1). O6paruoe I1J1 umeer Bu

Yo = — Wy + futbarn). (5)

Qp — A
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Ha marpuunom s3bike (IpeJCTaBIeHEE HYJICBON KPUBU3HBI):

\II,/n = Un\I]n, \I/n+1 = Fn\:[ln = FT/I = n+an - FnUn’ (6)

_ 0 1 _ _fn 1 _ wn
(o) me (e ) =)

IPUYEM

rae

) 1 f 1
1 '
F _an_A<f5+%_A fn).

3amevwanue. Ceromnsi Mbl COBCEM He OyIeM PacCMaTPUBATH 3aBUCUMOCTH OT
Bpemennu t B Kn®. Jlesio B TOM, 9TO HHTEPECYIOITHE HAC PEIIEHUs TEIMOIKN
OyJyT OLpee/saThCd TAKMUMU yCJIOBUsIMU 3aMblikanus (shape invariance wiu
KBa3UMEPUOJNIHOCTD ), KOTOPBIE, BOOBIIE TOBOPSI, HECOBMECTMHbL C TUHAMUKOM
0o t (38 UCKJIIOYEHUEM CTPOrOil MEPUOJAUIHOCTH, KOTOPAS OKA3bIBACTCS
sKBuBaJenTHO ypasuenusm Hosukosa). To ecth, nmpousBoaHas 110 ¢ OT 3TUX
ycJioBuii He obparmaercs TOxKaecTBeHHO B (.
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Meto dpakropuszarmm

Hazsanme cBsizano ¢ BeiBogom I/ Ha sa3bike auddepeHnuaabHBIX
OTIEPATOPOB. DTOT CIIOCOD TMOTHOCTHIO IKBUBAJIEHTEH CTAPOMY, HO UMEET
CMBICJT TIPUBECTH U ero. Beemaém obosnadenue ms oneparopa IIpéaunrepa

L,=-D?+u,, D:=d/dx.

VYpasuenue Ipénunrepa 3anucbiBaeTcs, Kak

Lrﬂ/}n = )\@Z)n
OmnepaTop A, HA3bIBAETCH CNAEMAHULUM, €CITH BBIMOJIHIETCS COOTHOIIEHUE

Ly1A, = ALy,
rie L,+1 — oneparop IIpénunrepa ¢ moreHIuaIoM uy,41. Toraa
Ln+1An¢n = Anann = )‘An'(/)nv

TO €CTh, Yp11 = Apty ynosaersopser YIII ¢ moreHIuamom u, 1.
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Dopmyabt (1)—(5) BOCTPON3BOAATCS, €CIHM B3SITh B KadYeCTBE CIIJIETAIOIIETO
omeparop mepBoro nopsaka A, = D — f,,, npu 3TOM mapaMeTrpsl «,
BBOJATCA, KaK IIOCTOAHHBIC HHTEIPUPOBAHUA.

BoJiee Toro, cooTHOIIEHNST MEXKIY Uy U [, PABHOCHJIbHBI (PAKTOPU3ALIUN
L, —ap = -D? +un —ap =—(D+ fu)(D— fn) = -D? +f7ll + 72w
Ln+l — Oy = _D2 +un+1 — Oy = _(D - fn)(D+ fn) = _D2 - fyll + fza

TO €CTb,
Ly —oapn=AlA,, Lpi —oan = A,Al

no

rae
A, =D~ f,, Al =-D— f,.

Orciona, O9eBHIHO, CIeLyer
(Ln+1 - an)An = AnAILAn = An(Ln - an) =  LppiAp = AnLy,

TO €CTh, Ormeparop A, — CIIeTAIOIIHIA.

IToka HUYEro HOBOTO HE MPOW3OILIO, BCe (DOPMYJIBI COBMAIAIOT CO CTAPBIMHU.

B.D. Anzep Knaccuueckue muTerpupyemoie cucremer Jlexuuaz 9 - 3 anpens 2023 9/28



Jamnee, MBI mpearmoIaraan, ITo /I Uy W3BECTHO MHOTO YaCTHBIX PEIIeHuil g
pu A = v, W CTPOWJIH MOCaemoBaTeapLHOCTh 11/ Mo Takoit cxeme:

ug —— U1 —> U2 —> U3
o Ao

%)% — 0 Ay=D—fp
1 Ao 1 Ay

al 800 <)01 O _ n\/ n

fn=1(e0)"/en

2 Ao 2 A 2 A

Qg — ¢ — 3 — 0

Tenepsb TPeANOIOKNAM, ITO ¥ HAC €CTh TOCIEI0BATETHHOCTD DYHKIWHA [,

n .
yaosiersopsomada OLl. Torga MBI MOXKEM 11O HUM OLPEJIEIUTD (o)) U HAUTH
dysrmun ¢f nonp3yace ooparasiMu 1171

Ug <— U1 <— Uz <— U3

0
@0 %o Al =-D-f,

A Al 2 P = OXP (fxo In dx)
Qa2 | Py S Y1 S ©3
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B pe3ysbrare, MbI MOJIyYnM TOTEHITHAI Ug, JJIS KOTOPOTO W3BECTHBI YACTHBIE
BOJTHOBBIE (DYHKIIUU TIPU BCEX A = (-

IIpu mekoTOpBIX ycioBuUAX HA f,, DYHKIUNA

-

OTBEYAIOT OCHOBHOMY COCTOSTHUIO L, Tipu A\ = v, (CyMMUDYEMBbI C KBaJIPATOM
u He uMmeroT HyJeit). Oneparopsl A;rhl MIEPEBOMIAT UX B COOCTBEHHBIE
dyHKIMNI oneparopa L, 1 MpH 3TOM Ke 3HAYEHHH A\, KOTOpoe iy L, 1
SIBJISIETCST YK€ BTOPBHIM, W TaK JIajee.

s moTeHInAa, Ug MOIydaeM COOCTBeHHbIE (DyHKITNN
ob = AYAL - ALyl (7)

TSt N-r0 COOCTBEHHOIO 3HAYEHHS (v,. IlosToMy, Al HasbBaoT onepaTopamu
POKJIEHUs WJIA TOBBIMIAOIIAMEU onieparopamu, A, — omeparopamu
VHUYTOXKEHUS WJIW MTOHMXKAIOITUMH.

MHuorue TO9HO-pelnIaeMble KBAHTOBOMEXAHUIECKNE 3aJa9l OTKPBITHIE B
1920-30 BKIaABIBAIOTCA B 3TY CXEMY.
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lapMoHuYecKnii OCIUILISITOD

OneBaroras ermovKka,
/ / 2 2
fn +fn+1 = fn — Jn+1 +ap — pg
MMeeT OUYEBUIHOE PeIeHIe
fn=—cx, a,=2cn+ agp.
s mero numeem
_ 2 ’ _ 2.2
Un = fr+ [, +an =c"2°+c(2n — 1) + ay,
x
2
op = exp(/ fn dx) x e /2,

Zo

IIycts ¢ > 0, Torma ) — cobecrBennasg yHKImUA 6e3 Hyseil, TO ecTb,
OCHOBHOE COCTOSTHHE.

Cutyuait ¢ < 0, HA caMOM JieJie, He CHJIBHO OTJIMYAETCs, IPOCTO BMECTO
coOCTBEHHOM (DYHKIMY MMeeM JOMOTHUTEIbHYIO pacTyInyio. Ho, yaobree
paboTaTh ¢ COOCTBEHHBIMH.
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IIpumem c =1 n
fo=—z, anp=2n+1, u,=az>+2n, op = e~ /2,
Tak xak Bce f,, OAMHAKOBBI, TO BCE ONMEPATOPHI COBITAIAIOT:
A,=A=D+z, Al =A'=-D+tuz.

CuletoBaresibHO, ¢.(. 1 C.3. I Ug HAXOJHATCHA COBCEM LIPOCTO (TO, 4TO HUYErOo
He TIPOIMYIIEHO, OBOCHOBLIBAETCA MOJCYETOM UUCIA HYJIe ):
vy = (x — D)”(e*IQ/Q) = Hn(x)efxz/z, an =2n+1,

rie H, — 1oJMHOMbL DPMUTA,

Hy=1,

Hy =2z,

Hs = 2(22% — 1),

Hy = 4x(22° - 3),

Hy = 4(42® — 122° + 3),

(na rpaduke HYHKIUE HOPMUPOBAHBI).
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Jpyrue npumepsbr

Kak maiitu n1pyrue siBHbIE PENIeHUs OJEBAIOIIEH MemTOIKM?!

Oz1HO 13 BO3MOXKHBIX YCI0BHI (DOpM-UHBAPUAHTHOCTH (110
Nudenbay—Xasury): nycrsb Bee f, UMEIOT BULL

fa(2) = (n = )F(z) + G(z) + H(z)/(n - ¢),

¢ Kakumu-10 GpyHkuusamu F, G, H, KOTOpble Hy>KHO yTOYHUTD.

s kparkoctu 0bo3HaunM m = n — c. [lofACTaHOBKA B IEMOYKY TaéT

2 2
Un — Q1 = 2m + 1)(F' + F?) + 2(G' + FG) + (m - ) GH

1 1 1 1
! 2
4 ——+ = |H + | —— — — | H
m+1 m (m+1) m
Tak Kak o, He 3aBUCAT OT %, & GYHKIUN OT M B TPABOIl 9aCTH JINHEHHO
HE3aBUCHUMBI, TO KOIMDMUIMEHTH! TPU HUX JOJIPKHBI ObITH TIOCTOSTHHBIMH.
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Orcrona, va F, G, H nonydaercs cucrema
F/+F2:Cl, G/+FG:CQ, GH203, H2:C4,

r7e ¢; — MOCTOsiHHBIE. B 3aBucuMOCTH OT uX BHIOOpA, NMMEETCsT HECKOJIBKO
TunoB pernenwnii. Bce onn BhIparkaioTcd depes sieMeHTapHbie PyHKIUN.

IIapamerpsl o, U MOTEHITUABI U,, AMEIOT BH]

—ay, = eym? + 2com + 2¢3/m + 04/m2, m=mn-—c,

Up = —m(m — 1)F' — (2m — )G’ + G* + 2FH.

Ilorennumassr mory4daroTcs He 0OsI3aTeIbHO PEryIPHBIME HA BCell OCHU
cpeln HUX eCTh M TOJIIOCHBIE, YTO OTBEYAET MOTEHIINATHLHBIM dMaM Ha,
IOJIyOCU UJIA HA OTPE3Ke.

3HaYEHUS (v, OIPEIENIAIOT «aJredpandecKuiiy CIeKTP, B TOM CMBICJIE, 9TO
COOTBETCTBYIOIINE BOJHOBbIE (DYHKIIMY HAXO/ATCH BHO, B KBaaparypax. Ho,
epebop Ciiy4aeB MOKA3BIBAET, YTO IIPH [IPABUIBHOM BbIOOPE KOHCTAHT OHU
OTBEUYAIOT TAKIKE W 38 (PUBNUECKUI CIIEKTP, TO €CTh, ITO TE 3HAUSHUS, JIJIsT
KOTOPBIX BOJTHOBBbIE (DYHKIMK CyMMHUpPYeMbl. Tak 94TO, 9Ta KOHCTPYKIIUS
BIIOJIHE COZEeprKaTeJbHa C TOUYKU 3PEeHNsS KBAHTOBOW MEXaHWKU.
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Yupomgunast Kiuaccudukanus pernennit (m =n — c):

fn Qp Un
(4) 4 a’*m? ;(azm(m —1)+d?
sin(az + b) sin®(az + b)
“+am cot(ax + b) +ad(2m — 1) cos(az + b))
(B) —e® —m —m? e?® — (2m —1)e®
(@) m/x + dx —d(dm +1) m(m —1)/x? — 2dm + d*2®
(D) —z 2n+1 2?4+ 2n
2
(E) | amcot(azx +b) +d/m | a®*m? — d*/m?> m(m — 1)_2a7
sin®(ax + b)
+2ad cot(az + b)
F) m/x+d/m —d?/m? m(m —1)/x? + 2d/x

(
(A) morennumasst [Ténuis—Terepa

(B) morermman Mopase

(C) rapmonuuecKkuil OCUUILIATOP Ha LI0JIyOCH

(D) rapmormaecknii ocuiaTop (ero Mbl pa3o0paJin)
(E) norermmansr Manauara—Po3zena

(F) samaga Kemnepa
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B cayuaax (A) u (E) ecrb Tak:ke BapUAHTHI ¢ TUTIEPOOIUICCKUMY
byHKIEAMHA.

TakzKe clle[lyeT y4ecTb, 9T0 KPoMe I[eJIOYUCTIeHHOr0 HapaMerpa n,
OLPEJIEJIAIONIEr0 SHEPIeTHIECKUE YPOBHU (L, B 9THX PEIICHUSX BO3MOXKHO
eré KBAHTOBAHUE HEKOTOPBIX JAPYIUX NAPAMETPOB BXOASIIUX B HOTEHIUAIIDL,
TaK 9ITO KapTuHA 6Ojee CIOKHAS, €M KArXKeTCsI Ha, IePBBIA B3I
Heranbublit amamn3 MoxkHO Hafitu B [Infeld & Hull 1951].

IHomenyuan Mopse (2-aromuas mMosiekysa) npu ¢ = 3.7

3uech fr, = c—n — e® u Qyukuuu u
e =exp((c — n)x — ")
HOpMUDPYeMbI pu n < |c].
CileoBaresibHO, JJId IOTEHIMAM,  —4 =
up = €2* — 8.4e® umeercs yeThIpe

cOOCTBEHHBIX 3HadeHus —(c — n)?

mpu n = 0,1, 2, 3. CobcTBeHHbIE _1of
byHKIMY CTPOSTCS 1O 00l
dbopwmyme (7). -15f
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KB&BI/IHepI/IO,ZI;I/ILIeCKOG 3aMbIKaHHUE

JL1st TapMOHUYIECKOTO OCIUJIITOPA YCA0BHE (hOPM-UHBAPUAHTHOCTH
0CO0eHHO POCTO: fri1 = fn.

D10 serko 0600muTh. PaccMorpuM yeaoBrue mepuoIuaHOCTH
fn+N = fn
YpaBuenue nenovku npu casure Ha N [0JKHO nepeiitu B cebst, 4T0 JaéT
/ / 2 2 _ —
fn + fn—',—l - fn + fn+1 =Qp — Opy1 = Opny N — Opp N41-
Orcroma cireayer, 9T0 TapaMeTPhI JOJKHBI YIOBJIETBOPATH YCIOBIIO
QANtn = Qn + 2c.

Bynem nazwiBarh ciaydait ¢ = 0 mepuogudeckum u ¢ # 0
KBa3UIIEPUOIUIECKIM.

Kpowme Toro, coiicTBa 3aMbIKAHUSA 3aBUCAT OT YETHOCTU IN.
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OneBarormast MernovYka CBOAUTCS K CUCTEME HA TepeMeHHbIe f1, ..., fn:

f+fa=f—f+o—oa,
B+1=1—f+a—as,

In+=1%— 4oy —ang,
e a4+l = a1 + 2c¢.

Ecan N medéTHO, TO MaTpHUIA MPU MPOU3BOIHBIX HEBBIPOK/IEHA W CUCTEMA,
JIEIKO IPUBOJIUTCA K HOPMAaJILHOMY BUJTY.

Ecmu N géruo, ro Mmarpuia BeipoxkaeHa. OQHAKO, €C/IU CIOXKUTH YPABHEHUS,
qepejysd 3HaKU, TO [OABJAeTC JONOJHUTEIbHAsA CBA3D

f=fB+fi——fR+ta—m+tas—-—ay+c=0, (9)

YTO IIO3BOJISET BhIIUCATh cucremy HAa N — 1 mepemeHHyro.

IIpu m060Mm N ecThb mepBbIi WHTErPa
J=fi+ -+ fy+tecx, J =0. (10)

B.D. Anzep Knaccuueckue muTerpupyemoie cucremer Jlexuuz 9 - 3 anpens 2023 19/ 28



[Tepuomguyeckuit ciaydaii

Cornacuo (6), ozeBaloIas MEenoYKa SKBUBAJECHTHA, MATPUIHOMY YPABHEHUIO

F =U,1F, — FU,, U,= (WO—A é) , F,= (f% +_O{:_ N —1fn> .
Orciona caegyer, upu ja0bom k,
(Fn+k"'Fn)I: k1 Fpgr - Fy — Fpgp - FU,.
B nepuoamdeckoM ciyvuae nmeem
UniN = frin + Fopn + Onin = [+ fi 4 an = U,
crnenosarespao U,y = U, u BeimonHsercs ypasaenne Jlakca
M) =[U,,M,], M,=F, n_1-Fy,

C TTOTMHOMMUATIBHON o0 A Marpuneit M,,.
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DTO B TOYHOCTH COBMAJAET C ypaBHeHWeM Jlakca MJIsi CTAIIMOHAPHBIX BBICIITHX
cummerpnit Kn® (= nis ypasuennit Hopukosa)
BTZO
Ur=V,+[V,U — V,=[UV].
B nekmun 4 66110 MOKa3aHo, 9TO V' mMeeT BT
v — A 2A
T\CAT+2A(u—N) A )
rae A MHOTOUIEH OT A, KO3(DPUIMEHTH KOTOPOTro — IuddepeHInaabHbIe
MHOTOYJIEHBI OT U.

Tak kak M,, monmuHOMUAIBHA TIO A\, OHA (DAKTHUIECKH COBIAIAET ¢ V, mpocTo
ceffiqac Mbl ©MeeM 3Ty MaTpuily B (hakropu3oBanHoM Buze. Hecnoxno
1nokasarb, 4ro upu N =2m+ 1 u N = 2m + 2 crenedb A pasha m.
Omnpenenurens M,, — nepsbiii uaTErpas (BMECTO U MHUIIEM Uy, )

244" — (A")? — 4(u, — N)A? =C(N),
u Ha Hy7u A BeIIUCHIBaeTCs cucrema ypasuenuit lybposuna nopsaka m. Ona
coBMecCTHA ¢ auHaMuKoil o t B cuny Ka® u maTerpupyercd B KBaJapaTypax.
HT&K, IEePpUOINICCKOE 3aMbIKaAHHUE CBOAUTCA K 1M-30HHBIM IIOTEHIIUAJIaM.
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Kpazunepuouieckuii ciaydaii

IIpm ¢ # 0 mpexncrasaenne Jlakca mopturces, Tak Kak U,y # U,.
Omnpenenurens det M, yke He ABJISETCS MEPBbIM HHTErpajoM. Boobire,
BBIKMBAET JIMIIb OAWH TepBblii naTerpas (10)

J=f1+"'+fN+C.T.

B pesysbrare, cucrema s f,, craHoBurcs HemaTerpupyemoii. Takxke,
TepsieTcss COBMECTHOCTH ¢ ypaBHennem Kn®. Tem we menee, f, — 310
HEKOTOPbIE KOHKDPETHbIE (DYHKITNN, WX MOXKHO HANTH XOTS ObI YUCJIEHHO, U 110
HUM JJQJIBITIE CTPOUTDH MOTEHITUAJBI M COOCTBEHHBIE (DYHKINHN, KaK OOBITHO.

B pesynbrare Bo3nukaer 0600IeHNE TAPMOHUIECKOTO OCIIIISITOPA —
[MOTEHIIUAJ C KBAJIPATUIHBIM POCTOM M CHEKTPOM, COCTOAIUM u3 [N
apudMeTHIecKuxX Mporpeccuit

agn = g + 2ke, aippn = a1+ 2ke, ..., an_1+xN = an—1 + 2kc.
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[Tpumep ¢ N =3

IIpocreiimuit HerpuBHANBLHBIN ciydail orBedaer N = 3. O603HaYNM
Yn = fn + fns1, On = Q@ — Qpy1. DTO IPUBOJIUT K CHCTEME

y1 = y1(ys — ya2) + 01,
Yo = Y2(y1 — y3) + da, (11)
Y5 = y3(y2 — y1) + 0.
IIpumeM HOPMUPOBKY ¢ = 1,
y1+y2 +ys=—2r, O +0d+0d3=—2.
Orciona MOXKHO HCKJIIOYATD Y3:
Y1 = —y1(y1 +2y2 +22) + 01, Yy = y2(2y1 + Y2 + 27) + da.

3 nepBoro ypaBHeHus BHIPA3UM Yo H MOJCTABUM BO BTOPOE, TOIIA HA

byHRIMIO W = Y1 = —T — f3 TOMyYaeTcsd ypaBHEHUE
\2 3 b
w’ = () + ~w® +dzw?® 4 2(z? — a)w + —, Py
2w 2 w
01 52
=0+ —=—4+1,b=——.
e a 2+ 5 + 1, 5
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DTO OIHO W3 TIecTH ypapHeHuit [lennese, KOTOpPbIE OMPEIEIAIOT HEKOTOPBIH
KJIACC aHAJIUTHIeCKUX (DYHKINN CO ClenuaJbHbIMU cBOMcTBamMu. [logpobHee
MBI IIOTOBOPHUM O 3THUX YPABHEHUAX HA OJHOHN U3 CIEAYIOIIUX JICKITUIA.

Iloka ormeTnm JHInb, 9TO OOIHee perieHus ypasHenuit [lennese me
BbIPAXKAIOTCs YePe3 JIEeMEHTAPHbIE MJIU Clelualbible DYHKIuK (XOTs eCTh
HEKOTOPBIE YACTHBIE PAIMOHAJIBHBIE DEIIEHNS U PEIeHNs] B TEPMUHAX
KJIACCUYECKUX CIEI(MYHKINH, IId HEKOTOPBIX BBIIETEHHBIX 3HAYECHUN
napaMerpoB U HadaJbHbIX ycaosuii). To ecTh, ypaBuenus Ilensese
OIPEJIEISIOT HEKOTOPBIE HOBbIE CrendyHKIM — TpaHCIeHIeHTh [leriese.

IIpu uucsennom cuere agis cucremot (11), B npocrpancrse napamerpos u
HAYAJIBHBIX YCJIOBUI MOXKHO HANTH HEKOTOPYIO KOHEUHYIO ODJIACTD,
OTBEYAIOIILYIO PEryJIApHBIM perieHusaM (6e3 MOJII0COB Ha BEIeCTBEHHOH OcH).
IIpu sTom BCe J,, < 0,

2

fo = —g +O1), up= % +0(z), x— %oo,

TO €CTh, PEIIEHUs YCTPOEHbI IPUMEPHO, KaK B Cydae FapMOHUYECKOTO
OCIIAJITIATOPA, HO Telepb Ha HEro HAKJIa/IbIBAIOTCA BHICOKOYACTOTHbIE
OCLUJIIALIUY.
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Tunuunoe penrenne BBITVIAJIUT TaK:

y 12
6 10F
4r gL
2F —n
] 6’
. . . Lx o,
-10 -5 il 5 10 ¥ 4l
_4f 2L
) N A
-10 -5 5 10
—2F

Suauenns nmapametpoB: o =0, as = 0.7, a3 =15, ay = a1 + 2, ...,
HadasbHble yeaosus: y1(0) = —0.05, y2(0) = 0.06, y3(0) = —0.01.

IoTeHMAaT %, ONpEIENIeTCs MO PEIIEHNIO Y1, Yo, Y3 COTTACHO (hOpMyIaM
u=f+flta=@+z)’—yh—1+m
=y +2)* —yayr —y3) + a1 — o +az — 1.
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Tunuunoe penrenne BBITVIAJIUT TaK:

2r -
3
~10 -5 5 10" —

-10 -5

Suauenns nmapametpoB: o =0, as = 0.7, a3 =15, ay = a1 + 2, ...,
HadasbHble yeaosus: y1(0) = —0.05, y2(0) = 0.06, y3(0) = —0.01.

IoTeHMAaT %, ONpEIENIeTCs MO PEIIEHNIO Y1, Yo, Y3 COTTACHO (hOpMyIaM
u=f+flta=@+z)’—yh—1+m
=y +2)* —yayr —y3) + a1 — o +az — 1.
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Kak nocrpouts cobcrBenubie dyukmuu? Corymacuo obieit cxeme, dbyHKINsS

ot = el fndz

yaoBseTBopsieT ypasuenuio LIIpéauarepa ¢ MOTEHITHAIOM Uy, , TIPA A = Qipy.
st permnennii, KOTopble BeayT cebs Tak, Kak Ha rpaduke, 3Ta QYHKIUI He
uMmeer HyJieil u gBisgerca opicTpoybbiBatoriei. CieIoBaTeIbHO, 3TO OCHOBHOE
COCTOSIHUE JIJIst TOTEHIUAIIA Uy, .

IIpumenss onepaTopbl A;, TMOJIy9aeM COOCTBEHHbIE PYHKIIUU I JII00OT0 U3
MOTEHIIHAIIOB U1, Uz, US.

IIpu TOM COOCTBEHHHDbIE 3HAMEHUS I U1 00PaA3yIOT BO3PACTAIOIILYO
[OCJIEIOBATEIbHOCTD

143k = a1 + 2k, qoyskp = as + 2k, Q3(k+1) = Q3 +2k, k=0,1,2,...,

TO €CTh, CIIEKTP COCTOUT U3 TPEX apU(pMEeTHIECKUX MPOrPECCHii C marom 2.
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YuceHHble SKCITEPUMEHTHI TTOKA3BIBAIOT, YTO PENTEHUST TAKOTO TUTA, WMEIOTCS
TIpy BCeX HEUYETHLIX N.

g uérapix N Bcé HemHOro yciaoxHusercs (B sactHoctu, npu N = 4 cucrema
CBOIMTCS K ypaBHEHUIO Pj, 9TO TOXKE ypaBHEHHE BTOPOrO MOpsiIka, HO Oosee
rpomo3sukoe, yem Py). Boobuue, upu 4érubix N peruenue umeer
HETIOABMKHYIO 0COOYI0 TOUKY Tp & = (0 M COOTBETCTBYIOIINE OMEPATOPHI
[Ipénunrepa ciy»KaT aHaJIOraM# rapMOHUYECKOrO OCIMJIJISITOPA Ha MOJIyOCH
(run (C) B knaccudukanyun Nudensaa—Xamna).

Wrak, Ha 9THX prMepax Mbl BAJIUAM, YTO BO3MOXKHA CATYAIHs, KOI/A
KBaHTOBO-MeXaHu4yecKas 33/a4a dABJjdeTcd TOYHO-PellaeMoil B TOM CMbICIIe,
YTO CIEKTP [IOMYCKAeT SIBHOE OMMCAHUE, XOTsI CaM TOTEHIMA U COOCTBEHHBIE
GbyHKIMY BBIPAXKAIOTCS 9€PE3 HEKOTOPbIE TPAHCIEHIEHTHBIE (DYHKITHIH.
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Jomarrraee 3a1aHne

9.1. TlocTpoiiTe onepaTopsl pOKICHUSA W COOCTBEHHbIE (DYHKIAN JIJIst
pemenuii onesaoreii nenouku tuna (C) (rapMOHUYECKUIi OCIUIIATOD HA
HOJIyoCH).

9.2. ITokaxure, uro cucrema (11) B crporo nepuoguueckoM Ciydae, TO eCTb,
upu 01 4+ 92 + 93 = 0, uHTErpUPYyeTCs B SJUIMITUIECKUX (PYHKIUIX
(mocrarouno ceectu K ypasHenuto s (ynkuuu BefiepmTpacca).
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