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Ïðèëîæåíèÿ îäåâàþùåé öåïî÷êè



Ïëàí ëåêöèè

Íà ïðîøëîé ëåêöèè áûëî ïîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü
ïðåîáðàçîâàíèé Äàðáó äëÿ óðàâíåíèÿ Øð¼äèíãåðà îïðåäåëÿåòñÿ
îäåâàþùåé öåïî÷êîé (f ′ = df/dx)

f ′n + f ′n+1 = f2n − f2n+1 + αn − αn+1.

Å¼ ðåøåíèå ìîæíî ñòðîèòü, ñòàðòóÿ ñ èçâåñòíûõ ψ-ôóíêöèé
çàòðàâî÷íîãî ïîòåíöèàëà u0.

Â ÷àñòíîñòè, åñëè u0 = 0, òî ýòî äà¼ò n-ñîëèòîííûå ðåøåíèÿ ÊäÔ.

Íî, ìîæíî äåéñòâîâàòü è íàîáîðîò � íàéòè êàêîå-òî ÿâíîå ðåøåíèå ÎÖ è
ïî íåìó îïðåäåëèòü ïîòåíöèàëû

un = f2n + f ′n + αn

è ñîîòâåòñòâóþùèå ψ-ôóíêöèè.

Ìû ðàçáåð¼ì äâà ñþæåòà, ñâÿçàííûõ ñ ýòîé èäååé.



Måòîä ôàêòîðèçàöèè (ñåé÷àñ èçâåñòåí êàê ¾ñóïåðñèììåòðè÷íàÿ
êâàíòîâàÿ ìåõàíèêà¿). Ýòîò ìåòîä èñïîëüçîâàëñÿ äëÿ ïîñòðîåíèÿ
òî÷íî-ðåøàåìûõ ïîòåíöèàëîâ åù¼ äî îòêðûòèÿ ñîëèòîíîâ.

I E. Schr�odinger. A method of determining quantum-mechanical eigenvalues
and eigenfunctions. Proc. Roy. Irish Acad. A 46 (1940/1941) 9�16.//
Ý. Øðåäèíãåð. Èçáðàííûå òðóäû ïî êâàíòîâîé ìåõàíèêå. Ì.: Íàóêà,
1976.

I L. Infeld, T.E. Hull. The factorization method. Rev. Modern Phys. 23:1

(1951) 21�68. // Ñá. ïåðåâîäîâ �Ìàòåìàòèêà� 10:3 (1966) 39.

Îñíîâíàÿ èäåÿ: ïîòåíöèàëû un äîëæíû áûòü ¾ïðèìåðíî¿ îäèíàêîâûìè
(shape invariance), òî åñòü, ÏÄ äîëæíî òîëüêî ìåíÿòü êàêèå-òî
ïàðàìåòðû. Ïðîñòåéøèé ïðèìåð � ãàðìîíè÷åñêèé îñöèëëÿòîð.

Êâàçèïåðèîäè÷åñêîå çàìûêàíèå ÎÖ

I À.Ï. Âåñåëîâ, À.Á. Øàáàò. Îäåâàþùàÿ öåïî÷êà è ñïåêòðàëüíàÿ òåîðèÿ
îïåðàòîðà Øðåäèíãåðà. Funct. Anal. Appl. 27:2 (1993) 1�21.

Îñíîâíàÿ èäåÿ: ïîëîæèì fn+N = fn, αn+N = αn + 2c, òîãäà ÎÖ
ïðåâðàòèòñÿ â ñèñòåìó ÎÄÓ. ×òî èç íå¼ ïîëó÷èòñÿ, òî è íàøå.

Ïðè c = 0 ïîëó÷àþòñÿ êîíå÷íîçîííûå ïîòåíöèàëû, ïðè c 6= 0 �
òðàíñöåíäåíòíûå îáîáùåíèÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà.

http://www.jstor.org/stable/20490744
http://dx.doi.org/10.1103/RevModPhys.23.21
http://mi.mathnet.ru/faa696


Îñíîâíûå ôîðìóëû

Íàïîìíèì ôîðìóëû èç ïðåäûäóùåé ëåêöèè. Ïðåîáðàçîâàíèå Äàðáó äëÿ
óðàâíåíèÿ Øð¼äèíãåðà ñ ïîòåíöèàëîì un

ψ′′n = (un − λ)ψn (1)

îïðåäåëÿåòñÿ ôîðìóëàìè

ψn+1 = ψ′n − fnψn, un = f2n + f ′n + αn, un+1 = un − 2f ′n. (2)

Èñêëþ÷åíèå un ïðèâîäèò ê îäåâàþùåé öåïî÷êå

f ′n + f ′n+1 = f2n − f2n+1 + αn − αn+1. (3)

Ïåðåìåííàÿ fn âûðàæàåòñÿ ÷åðåç ÷àñòíîå ðåøåíèå (1) ïðè λ = αn:

fn = ϕ′n/ϕn, ϕ′′n = (un − αn)ϕn (4)

(ôóíêöèÿ ϕn îïðåäåëÿåò ÿäðî ÏÄ). Îáðàòíîå ÏÄ èìååò âèä

ψn =
1

αn − λ
(ψ′n+1 + fnψn+1). (5)



Íà ìàòðè÷íîì ÿçûêå (ïðåäñòàâëåíèå íóëåâîé êðèâèçíû):

Ψ′n = UnΨn, Ψn+1 = FnΨn ⇒ F ′n = Un+1Fn − FnUn,

ãäå

Un =

(
0 1

un − λ 0

)
, Fn =

(
−fn 1

f2n + αn − λ −fn

)
, Ψn =

(
ψn

ψ′n

)
,

ïðè÷¼ì

F−1n =
1

αn − λ

(
fn 1

f2n + αn − λ fn

)
.

Çàìå÷àíèå. Ñåãîäíÿ ìû ñîâñåì íå áóäåì ðàññìàòðèâàòü çàâèñèìîñòü îò
âðåìåíè t â ÊäÔ. Äåëî â òîì, ÷òî èíòåðåñóþùèå íàñ ðåøåíèÿ ÎÖ áóäóò
îïðåäåëÿòüñÿ òàêèìè óñëîâèÿìè çàìûêàíèÿ (shape invariance èëè
êâàçèïåðèîäè÷íîñòü), êîòîðûå, âîîáùå ãîâîðÿ, íåñîâìåñòíû ñ äèíàìèêîé
ïî t (çà èñêëþ÷åíèåì n-ñîëèòîííûõ è n-çîííûõ ðåøåíèé). Â îòëè÷èå îò,
íàïðèìåð, óðàâíåíèé Íîâèêîâà, ïðîèçâîäíàÿ ïî t îò ýòèõ óñëîâèé íå
îáðàùàåòñÿ òîæäåñòâåííî â 0.



Måòîä ôàêòîðèçàöèè

Íàçâàíèå ñâÿçàíî ñ âûâîäîì ÏÄ íà ÿçûêå äèôôåðåíöèàëüíûõ
îïåðàòîðîâ. Ýòîò ñïîñîá ïîëíîñòüþ ýêâèâàëåíòåí ñòàðîìó, íî èìååò
ñìûñë ïðèâåñòè è åãî.

Ââåä¼ì îáîçíà÷åíèå äëÿ îïåðàòîðà Øð¼äèíãåðà

Ln = −D2 + un, D := d/dx.

Óðàâíåíèå Øð¼äèíãåðà çàïèñûâàåòñÿ, êàê

Lnψn = λψn.

Îïåðàòîð An íàçûâàåòñÿ ñïëåòàþùèì, åñëè âûïîëíÿåòñÿ ñîîòíîøåíèå

Ln+1An = AnLn,

ãäå Ln+1 � îïåðàòîð Øð¼äèíãåðà ñ ïîòåíöèàëîì un+1. Òîãäà

Ln+1Anψn = AnLnψn = λAnψn,

òî åñòü, ψn+1 = Anψn óäîâëåòâîðÿåò ÓØ ñ ïîòåíöèàëîì un+1.



Ôîðìóëû (1)�(5) âîñïðîèçâîäÿòñÿ, åñëè âçÿòü â êà÷åñòâå ñïëåòàþùåãî
îïåðàòîð ïåðâîãî ïîðÿäêà An = D − fn, ïðè ýòîì ïàðàìåòðû αn

ââîäÿòñÿ, êàê ïîñòîÿííûå èíòåãðèðîâàíèÿ.

Áîëåå òîãî, ñîîòíîøåíèÿ ìåæäó un è fn ðàâíîñèëüíû ôàêòîðèçàöèè

Ln − αn = −D2 + un − αn = −(D + fn)(D − fn) = −D2 + f ′n + f2n,

Ln+1 − αn = −D2 + un+1 − αn = −(D − fn)(D + fn) = −D2 − f ′n + f2n,

òî åñòü,
Ln − αn = A†nAn, Ln+1 − αn = AnA

†
n,

ãäå
An = D − fn, A†n = −D − fn.

Îòñþäà, î÷åâèäíî, ñëåäóåò

(Ln+1 − αn)An = AnA
†
nAn = An(Ln − αn) ⇒ Ln+1An = AnLn,

òî åñòü, îïåðàòîð An � ñïëåòàþùèé.

Ïîêà íè÷åãî íîâîãî íå ïðîèçîøëî, âñå ôîðìóëû ñîâïàäàþò ñî ñòàðûìè.



Äàëåå, ìû ïðåäïîëàãàëè, ÷òî äëÿ u0 èçâåñòíî ìíîãî ÷àñòíûõ ðåøåíèé ϕ
n
0

ïðè λ = αn è ñòðîèëè ïîñëåäîâàòåëüíîñòü ÏÄ ïî òàêîé ñõåìå:

u0 −→ u1 −→ u2 −→ u3 . . .

α0 ϕ0
0

A0−→ 0

α1 ϕ1
0

A0−→ ϕ1
1

A1−→ 0

α2 ϕ2
0

A0−→ ϕ2
1

A1−→ ϕ2
2

A2−→ 0
. . . . . . . . .

An = D − fn

fn = (ϕn
n)′/ϕn

n

Òåïåðü ïðåäïîëîæèì, ÷òî ó íàñ åñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé fn,
óäîâëåòâîðÿþùàÿ ÎÖ. Òîãäà ìû ìîæåì ïî íèì îïðåäåëèòü ϕn

n è íàéòè
ôóíêöèè ϕn

0 ïîëüçóÿñü îáðàòíûìè ÏÄ:

u0 ←− u1 ←− u2 ←− u3 . . .

α0 ϕ0
0

α1 ϕ1
0

A†
0←− ϕ1

1

α2 ϕ2
0

A†
0←− ϕ2

1

A†
1←− ϕ2

2

. . . . . . . . .

A†n = −D − fn

ϕn
n = exp

(∫ x

x0
fn dx

)



Â ðåçóëüòàòå, ìû ïîëó÷èì ïîòåíöèàë u0, äëÿ êîòîðîãî èçâåñòíû ÷àñòíûå
âîëíîâûå ôóíêöèè ïðè âñåõ λ = αn.

Ïðè íåêîòîðûõ óñëîâèÿõ íà fn, ôóíêöèè

ϕn
n = exp

(∫ x

x0

fn dx
)

îòâå÷àþò îñíîâíîìó ñîñòîÿíèþ Ln ïðè λ = αn (ñóììèðóåìû ñ êâàäðàòîì

è íå èìåþò íóëåé). Îïåðàòîðû A†n−1 ïåðåâîäÿò èõ â ñîáñòâåííûå
ôóíêöèè îïåðàòîðà Ln−1 ïðè ýòîì æå çíà÷åíèè λ, êîòîðîå äëÿ Ln−1
ÿâëÿåòñÿ óæå âòîðûì, è òàê äàëåå.

Äëÿ ïîòåíöèàëà u0 ïîëó÷àåì ñîáñòâåííûå ôóíêöèè

ϕn
0 = A†0A

†
1 · · ·A

†
n−1ϕ

n
n (6)

äëÿ n-ãî ñîáñòâåííîãî çíà÷åíèÿ αn. Ïîýòîìó, A
†
n íàçûâàþò îïåðàòîðàìè

ðîæäåíèÿ èëè ïîâûøàþùèìè îïåðàòîðàìè, An � îïåðàòîðàìè
óíè÷òîæåíèÿ èëè ïîíèæàþùèìè.

Îêàçûâàåòñÿ, ÷òî ìíîãèå òî÷íî-ðåøàåìûå êâàíòîâîìåõàíè÷åñêèå çàäà÷è
îòêðûòûå â 1920�30 âêëàäûâàþòñÿ â ýòó ñõåìó.



Ãàðìîíè÷åñêèé îñöèëëÿòîð

Îäåâàþùàÿ öåïî÷êà

f ′n + f ′n+1 = f2n − f2n+1 + αn − αn+1

èìååò î÷åâèäíîå ðåøåíèå

fn = −cx, αn = 2cn+ α0.

Äëÿ íåãî èìååì

un = f2n + f ′n + αn = c2x2 + c(2n− 1) + α0,

ϕn
n = exp

(∫ x

x0

fn dx
)
∝ e−cx

2/2.

Ïóñòü c > 0, òîãäà ϕn
n � ñîáñòâåííàÿ ôóíêöèÿ áåç íóëåé, òî åñòü,

îñíîâíîå ñîñòîÿíèå.

Ñëó÷àé c < 0, íà ñàìîì äåëå, íå ñèëüíî îòëè÷àåòñÿ, ïðîñòî âìåñòî
ñîáñòâåííîé ôóíêöèè èìååì äîïîëíèòåëüíóþ ðàñòóùóþ. Íî, óäîáíåå
ðàáîòàòü ñ ñîáñòâåííûìè.



Ïðèìåì c = 1 è

fn = −x, αn = 2n+ 1, un = x2 + 2n, ϕn
n = e−x

2/2.

Òàê êàê âñå fn îäèíàêîâû, òî âñå îïåðàòîðû ñîâïàäàþò:

An = A = D + x, A†n = A† = −D + x.

Ñëåäîâàòåëüíî, ñ.ô. è ñ.ç. äëÿ u0 íàõîäÿòñÿ ñîâñåì ïðîñòî (òî, ÷òî íè÷åãî
íå ïðîïóùåíî, îáîñíîâûâàåòñÿ ïîäñ÷¼òîì ÷èñëà íóëåé):

ϕn
0 = (x−D)n(e−x

2/2) = Hn(x)e−x
2/2, αn = 2n+ 1,

ãäå Hn � ïîëèíîìû Ýðìèòà

H0 = 1,

H1 = 2x,

H3 = 2(2x2 − 1),

H4 = 4x(2x2 − 3),

H5 = 4(4x3 − 12x2 + 3), . . .

(íà ãðàôèêå ôóíêöèè íîðìèðîâàíû).
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Äðóãèå ïðèìåðû

Êàê íàéòè äðóãèå ÿâíûå ðåøåíèÿ ÎÖ?

Îäíî èç âîçìîæíûõ óñëîâèé ôîðì-èíâàðèàíòíîñòè (ïî
Èíôåëüäó�Õàëëó): ïóñòü âñå fn èìåþò âèä

fn(x) = (n− c)F (x) +G(x) +H(x)/(n− c),

ñ êàêèìè-òî ôóíêöèÿìè F,G,H, êîòîðûå íóæíî óòî÷íèòü.

Äëÿ êðàòêîñòè îáîçíà÷èì m = n− c. Ïîäñòàíîâêà â öåïî÷êó äà¼ò

αn − αn+1 = (2m+ 1)(F ′ + F 2) + 2(G′ + FG) +

(
2

m+ 1
− 2

m

)
GH

+

(
1

m+ 1
+

1

m

)
H ′ +

(
1

(m+ 1)2
− 1

m2

)
H2.

Òàê êàê αn íå çàâèñèò îò x, à ôóíêöèè îò m â ïðàâîé ÷àñòè ëèíåéíî
íåçàâèñèìû, òî êîýôôèöèåíòû ïðè íèõ äîëæíû áûòü ïîñòîÿííûìè.



Îòñþäà, íà F,G,H ïîëó÷àåòñÿ ñèñòåìà

F ′ + F 2 = c1, G′ + FG = c2, GH = c3, H2 = c4,

ãäå ci � ïîñòîÿííûå. Â çàâèñèìîñòè îò èõ âûáîðà, èìååòñÿ íåñêîëüêî
òèïîâ ðåøåíèé. Âñå îíè âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè.

Ïàðàìåòðû αn è ïîòåíöèàëû un èìåþò âèä

−αn = c1m
2 + 2c2m+ 2c3/m+ c4/m

2, m = n− c,
un = −m(m− 1)F ′ − (2m− 1)G′ +G2 + 2FH.

Ïîòåíöèàëû ïîëó÷àþòñÿ íå îáÿçàòåëüíî ðåãóëÿðíûìè íà âñåé îñè x,
ñðåäè íèõ åñòü è ïîëþñíûå, ÷òî îòâå÷àåò ïîòåíöèàëüíûì ÿìàì íà
ïîëóîñè èëè íà îòðåçêå.

Çíà÷åíèÿ αn îïðåäåëÿþò ¾àëãåáðàè÷åñêèé¿ ñïåêòð, â òîì ñìûñëå, ÷òî
ñîîòâåòñòâóþùèå âîëíîâûå ôóíêöèè íàõîäÿòñÿ ÿâíî, â êâàäðàòóðàõ. Íî,
ïåðåáîð ñëó÷àåâ ïîêàçûâàåò, ÷òî ïðè ïðàâèëüíîì âûáîðå êîíñòàíò îíè
îòâå÷àþò òàêæå è çà ôèçè÷åñêèé ñïåêòð, òî åñòü, ýòî òå çíà÷åíèÿ, äëÿ
êîòîðûõ âîëíîâûå ôóíêöèè ñóììèðóåìû. Òàê ÷òî, ýòà êîíñòðóêöèÿ
âïîëíå ñîäåðæàòåëüíà ñ òî÷êè çðåíèÿ êâàíòîâîé ìåõàíèêè.



Óïðîù¼ííàÿ êëàññèôèêàöèÿ ðåøåíèé (m = n− c):

fn αn un

(A)
d

sin(ax+ b)
a2m2 1

sin2(ax+ b)
(a2m(m− 1) + d2

+am cot(ax+ b) +ad(2m− 1) cos(ax+ b))

(B) −ex −m −m2 e2x − (2m− 1)ex

(C) m/x+ dx −d(4m+ 1) m(m− 1)/x2 − 2dm+ d2x2

(D) −x 2n+ 1 x2 + 2n

(E) am cot(ax+ b) + d/m a2m2 − d2/m2 m(m− 1)
a2

sin2(ax+ b)
+2ad cot(ax+ b)

(F ) m/x+ d/m −d2/m2 m(m− 1)/x2 + 2d/x

(A) ïîòåíöèàëû Ï¼øëÿ�Òåëëåðà
(B) ïîòåíöèàë Ìîðçå
(C) ãàðìîíè÷åñêèé îñöèëëÿòîð íà ïîëóîñè
(D) ãàðìîíè÷åñêèé îñöèëëÿòîð (åãî ìû ðàçîáðàëè)
(E) ïîòåíöèàëû Ìàííèíãà�Ðîçåíà

(F) çàäà÷à Êåïëåðà



Â ñëó÷àÿõ (A) è (E) åñòü òàêæå âàðèàíòû ñ ãèïåðáîëè÷åñêèìè
ôóíêöèÿìè.

Òàêæå ñëåäóåò ó÷åñòü, ÷òî êðîìå öåëî÷èñëåííîãî ïàðàìåòðà n,
îïðåäåëÿþùåãî ýíåðãåòè÷åñêèå óðîâíè αn, â ýòèõ ðåøåíèÿõ âîçìîæíî
åù¼ êâàíòîâàíèå íåêîòîðûõ äðóãèõ ïàðàìåòðîâ âõîäÿùèõ â ïîòåíöèàëû,
òàê ÷òî êàðòèíà áîëåå ñëîæíàÿ, ÷åì êàæåòñÿ íà ïåðâûé âçãëÿä.
Äåòàëüíûé àíàëèç ìîæíî íàéòè â [Infeld & Hull 1951].

Ïîòåíöèàë Ìîðçå (2-àòîìíàÿ ìîëåêóëà) ïðè c = 3.7

Çäåñü fn = c− n− ex è ôóíêöèè
ϕn
n = exp((c− n)x− ex)

íîðìèðóåìû ïðè n < bcc.
Ñëåäîâàòåëüíî, äëÿ ïîòåíöèàëà
u0 = e2x − 8.4ex èìååòñÿ ÷åòûðå
ñîáñòâåííûõ çíà÷åíèÿ −(c− n)2

ïðè n = 0, 1, 2, 3. Ñîáñòâåííûå
ôóíêöèè ñòðîÿòñÿ ïî îáùåé
ôîðìóëå (6).
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Êâàçèïåðèîäè÷åñêîå çàìûêàíèå

Äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà óñëîâèå ôîðì-èíâàðèàíòíîñòè
îñîáåííî ïðîñòî: fn+1 = fn.

Ýòî ëåãêî îáîáùèòü. Ðàññìîòðèì óñëîâèå ïåðèîäè÷íîñòè

fn+N = fn.

Óðàâíåíèå öåïî÷êè ïðè ñäâèãå íà N äîëæíî ïåðåéòè â ñåáÿ, ÷òî äà¼ò

f ′n + f ′n+1 − f2n + f2n+1 = αn − αn+1 = αn+N − αn+N+1.

Îòñþäà ñëåäóåò, ÷òî ïàðàìåòðû äîëæíû óäîâëåòâîðÿòü óñëîâèþ

αN+n = αn + 2c.

Áóäåì íàçûâàòü ñëó÷àé c = 0 ïåðèîäè÷åñêèì è c 6= 0
êâàçèïåðèîäè÷åñêèì.

Êðîìå òîãî, ñâîéñòâà çàìûêàíèÿ çàâèñÿò îò ÷¼òíîñòè N .



Îäåâàþùàÿ öåïî÷êà ñâîäèòñÿ ê ñèñòåìå íà ïåðåìåííûå f1, . . . , fN :
f ′1 + f ′2 = f21 − f22 + α1 − α2,

f ′2 + f ′3 = f22 − f23 + α2 − α3,

· · ·
f ′N + f ′1 = f2N − f21 + αN − αN+1,

(7)

ãäå αN+1 = α1 + 2c.

Åñëè N íå÷¼òíî, òî ìàòðèöà ïðè ïðîèçâîäíûõ íåâûðîæäåíà è ñèñòåìà
ëåãêî ïðèâîäèòñÿ ê íîðìàëüíîìó âèäó.

Åñëè N ÷¼òíî, òî ìàòðèöà âûðîæäåíà. Îäíàêî, åñëè ñëîæèòü óðàâíåíèÿ,
÷åðåäóÿ çíàêè, òî ïîÿâëÿåòñÿ äîïîëíèòåëüíàÿ ñâÿçü

f21 − f22 + f23 − · · · − f2N + α1 − α2 + α3 − · · · − αN + c = 0, (8)

÷òî ïîçâîëÿåò âûïèñàòü ñèñòåìó íà N − 1 ïåðåìåííóþ.

Ïðè ëþáîì N åñòü ïåðâûé èíòåãðàë

J = f1 + · · ·+ fN + cx, J ′ = 0. (9)



Ïåðèîäè÷åñêèé ñëó÷àé

Íàïîìíèì, ÷òî îäåâàþùàÿ öåïî÷êà ýêâèâàëåíòíà ìàòðè÷íîìó óðàâíåíèþ

F ′n = Un+1Fn − FnUn, Un =

(
0 1

un − λ 0

)
, Fn =

(
−fn 1

f2n + αn − λ −fn

)
.

Îòñþäà ñëåäóåò, ïðè ëþáîì k,

(Fn+k · · ·Fn)′ = Un+k−1Fn+k · · ·Fn − Fn+k · · ·FnUn.

Â ïåðèîäè÷åñêîì ñëó÷àå èìååì

un+N = f2n+N + f ′n+N + αn+N

= f2n + f ′n + αn = un ⇒ Un+N = Un,

ñëåäîâàòåëüíî âûïîëíÿåòñÿ óðàâíåíèå Ëàêñà

M ′n = [Un,Mn], Mn = Fn+N−1 · · ·Fn,

ñ ïîëèíîìèàëüíîé ïî λ ìàòðèöåé Mn.



Ýòî ñîâïàäàåò ñ óðàâíåíèåì Ëàêñà äëÿ ñòàöèîíàðíûõ âûñøèõ ñèììåòðèé
ÊäÔ (òî åñòü, äëÿ óðàâíåíèé Íîâèêîâà). Íà ëåêöèÿõ 8 è 9 áûëî
ïîêàçàíî, ÷òî Mn èìååò âèä

Mn =

(
−A′n 2An

−A′′n + 2An(un − λ) A′n

)
,

ãäå An ìíîãî÷ëåí îò λ, êîýôôèöèåíòû êîòîðîãî � äèôôåðåíöèàëüíûå
ìíîãî÷ëåíû îò un (ñåé÷àñ n ýòî íîìåð, à íå ïîðÿäîê ïðîèçâîäíîé ïî x!).

Íåñëîæíî ïîêàçàòü, ÷òî ïðè N = 2m+ 1 è N = 2m+ 2 ñòåïåíü An ðàâíà
m. Îïðåäåëèòåëü Mn � ïåðâûé èíòåãðàë

2AnA
′′
n − (A′n)2 − 4(un − λ)A2

n = C(λ),

è íà íóëè An âûïèñûâàåòñÿ ñèñòåìà óðàâíåíèé Äóáðîâèíà ïîðÿäêà m,
êîòîðàÿ èíòåãðèðóåòñÿ â êâàäðàòóðàõ.

Èòàê, ïåðèîäè÷åñêèé ñëó÷àé ñâîäèòñÿ ê m-çîííûì ïîòåíöèàëàì, ïðîñòî
ñåé÷àñ ìû ðàáîòàåì â äðóãèõ ïåðåìåííûõ è èìååì ìàòðèöó Mn â
ôàêòîðèçîâàííîì âèäå. Â ïåðèîäè÷åñêîì ñëó÷àå èìååòñÿ ñîâìåñòíîñòü ñ
äèíàìèêîé ïî t â ñèëó ÊäÔ.



Êâàçèïåðèîäè÷åñêèé ñëó÷àé

Ïðè c 6= 0 ïðåäñòàâëåíèå Ëàêñà ïîðòèòñÿ, òàê êàê Un+N 6= Un.
Îïðåäåëèòåëü detMn óæå íå ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì. Âîîáùå,
âûæèâàåò ëèøü îäèí ïåðâûé èíòåãðàë (9)

J = f1 + · · ·+ fN + cx.

Â ðåçóëüòàòå, ñèñòåìà äëÿ fn ñòàíîâèòñÿ íåèíòåãðèðóåìîé. Òàêæå
òåðÿåòñÿ ñîâìåñòíîñòü ñ óðàâíåíèåì ÊäÔ. Òåì íå ìåíåå, fn � ýòî
íåêîòîðûå êîíêðåòíûå ôóíêöèè, èõ ìîæíî íàéòè õîòÿ áû ÷èñëåííî, è ïî
íèì äàëüøå ñòðîèòü ïîòåíöèàëû è ñîáñòâåííûå ôóíêöèè, êàê îáû÷íî.

Â ðåçóëüòàòå âîçíèêàåò îáîáùåíèå ãàðìîíè÷åñêîãî îñöèëëÿòîðà �
ïîòåíöèàë ñ êâàäðàòè÷íûì ðîñòîì è ñïåêòðîì, ñîñòîÿùèì èç N
àðèôìåòè÷åñêèõ ïðîãðåññèé

αkN = α0 + 2kc, α1+kN = α1 + 2kc, . . . , αN−1+kN = αN−1 + 2kc.



Ïðèìåð ñ N = 3

Ïðîñòåéøèé íåòðèâèàëüíûé ñëó÷àé îòâå÷àåò N = 3. Îáîçíà÷èì
yn = fn + fn+1, δn = αn − αn+1. Ýòî ïðèâîäèò ê ñèñòåìå

y′1 = y1(y3 − y2) + δ1,

y′2 = y2(y1 − y3) + δ2,

y′3 = y3(y2 − y1) + δ3.

(10)

Ïðèìåì íîðìèðîâêó c = 1,

y1 + y2 + y3 = −2x, δ1 + δ2 + δ3 = −2.

Îòñþäà ìîæíî èñêëþ÷èòü y3:

y′1 = −y1(y1 + 2y2 + 2x) + δ1, y′2 = y2(2y1 + y2 + 2x) + δ2.

Òåïåðü èç ïåðâîãî óðàâíåíèÿ âûðàçèì y2 è ïîäñòàâèì âî âòîðîå, òîãäà íà
ôóíêöèþ w = y1 = −x− f3 ïîëó÷àåòñÿ óðàâíåíèå

w′′ =
(w′)2

2w
+

3

2
w3 + 4xw2 + 2(x2 − a)w +

b

w
, P4

ñ ïàðàìåòðàìè

a = δ2 +
δ1
2

+ 1, b = −δ
2
1

2
.



Ýòî îäíî èç øåñòè óðàâíåíèé Ïåíëåâå, êîòîðûå îïðåäåëÿþò íåêîòîðûé
êëàññ àíàëèòè÷åñêèõ ôóíêöèé ñî ñïåöèàëüíûìè ñâîéñòâàìè. Ïîäðîáíåå
ìû ïîãîâîðèì î ýòèõ óðàâíåíèÿõ íà ñëåäóþùåé ëåêöèè. Ïîêà îòìåòèì
ëèøü, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ P4 íå âûðàæàåòñÿ ÷åðåç
ýëåìåíòàðíûå èëè ñïåöèàëüíûå ôóíêöèè (õîòÿ åñòü íåêîòîðûå ÷àñòíûå
ðàöèîíàëüíûå ðåøåíèÿ è ðåøåíèÿ â òåðìèíàõ ôóíêöèé Ýðìèòà, äëÿ
íåêîòîðûõ ñïåöèàëüíûõ çíà÷åíèé ïàðàìåòðîâ è íà÷àëüíûõ óñëîâèé). Òî
åñòü, ýòî íåêîòîðàÿ íîâàÿ ñïåöôóíêöèÿ � òðàíñöåíäåíò Ïåíëåâå.

Ïðè ÷èñëåííîì ñ÷åòå äëÿ ñèñòåìû (10), â ïðîñòðàíñòâå ïàðàìåòðîâ è
íà÷àëüíûõ óñëîâèé ìîæíî íàéòè íåêîòîðóþ êîíå÷íóþ îáëàñòü,
îòâå÷àþùóþ ðåãóëÿðíûì ðåøåíèÿì (áåç ïîëþñîâ íà âåùåñòâåííîé îñè).
Ïðè ýòîì âñå δn < 0,

fn = −x
3

+O(1), un =
x2

9
+O(x), x→ ±∞,

òî åñòü, ðåøåíèÿ óñòðîåíû ïðèìåðíî, êàê â ñëó÷àå ãàðìîíè÷åñêîãî
îñöèëëÿòîðà, íî òåïåðü íà íåãî íàêëàäûâàþòñÿ âûñîêî÷àñòîòíûå
îñöèëëÿöèè.



Òèïè÷íîå ðåøåíèå âûãëÿäèò òàê:
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u1

Ñîãëàñíî îáùåé ñõåìå, ôóíêöèÿ

ϕn
n = e

∫
fn dx

óäîâëåòâîðÿåò óðàâíåíèþ Øð¼äèíãåðà ñ ïîòåíöèàëîì un, ïðè λ = αn.

Äëÿ ðåøåíèé, êîòîðûå âåäóò ñåáÿ òàê, êàê íà ãðàôèêå, ýòà ôóíêöèÿ íå
èìååò íóëåé è ÿâëÿåòñÿ áûñòðîóáûâàþùåé. Ñëåäîâàòåëüíî ýòî îñíîâíîå
ñîñòîÿíèå äëÿ ïîòåíöèàëà un.



Ïðèìåíÿÿ îïåðàòîðû A†k, ïîëó÷àåì ñîáñòâåííûå ôóíêöèè äëÿ ëþáîãî èç
ïîòåíöèàëîâ u1, u2, u3. Ïðè ýòîì ñîáñòâåíííûå çíà÷åíèÿ äëÿ u1 îáðàçóþò
âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü

α1+3k = α1 + 2k, α2+3k = α2 + 2k, α3(k+1) = α3 + 2k, k = 0, 1, 2, . . . ,

òî åñòü, ñïåêòð ñîñòîèò èç òð¼õ àðèôìåòè÷åñêèõ ïðîãðåññèé ñ øàãîì 2.

×èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî ðåøåíèÿ òàêîãî òèïà èìåþòñÿ
ïðè âñåõ íå÷¼òíûõ N .

Äëÿ ÷¼òíûõ N âñ¼ íåìíîãî óñëîæíÿåòñÿ (â ÷àñòíîñòè, ïðè N = 4 ñèñòåìà
ñâîäèòñÿ ê óðàâíåíèþ P5, ýòî òîæå óðàâíåíèå âòîðîãî ïîðÿäêà, íî áîëåå
ãðîìîçäêîå, ÷åì P4). Âîîáùå, ïðè ÷¼òíûõ N ðåøåíèå èìååò
íåïîäâèæíóþ îñîáóþ òî÷êó ïðè x = 0 è ñîîòâåòñòâóþùèå îïåðàòîðû
Øð¼äèíãåðà ñëóæàò àíàëîãàìè ãàðìîíè÷åñêîãî îñöèëëÿòîðà íà ïîëóîñè
(òèï (Ñ) â êëàññèôèêàöèè Èíôåëüäà�Õàëëà).

Èòàê, íà ýòèõ ïðèìåðàõ ìû âèäèì, ÷òî âîçìîæíà ñèòóàöèÿ, êîãäà
êâàíòîâî-ìåõàíè÷åñêàÿ çàäà÷à ÿâëÿåòñÿ òî÷íî-ðåøàåìîé â òîì ñìûñëå,
÷òî ñïåêòð äîïóñêàåò ÿâíîå îïèñàíèå, õîòÿ ñàì ïîòåíöèàë è ñîáñòâåííûå
ôóíêöèè âûðàæàþòñÿ ÷åðåç íåêîòîðûå òðàíñöåíäåíòíûå ôóíêöèè.


